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Abstract

Numerical formulations of the Koiter theory allow the efficient prediction, through a reduced model, of the
behavior of shell structures when failure is dominated by buckling. In this work, we propose an isogeometric
version of the method based on a solid-shell model. A NURBS interpolation is employed on the middle
surface of the shell to accurately describe the geometry and the high continuity typical of the displacement
field in buckling problems and to directly link the CAD model to the structural one. A linear interpolation
is then adopted through the thickness together with a modified generalized constitutive matrix, which
allows us to easily eliminate thickness locking and model multi-layered composites. Reduced integration
schemes, which take into account the continuity of the shape functions, are used to avoid interpolation
locking and make the integration faster. A Mixed Integration Point strategy makes it possible to transform
the displacement model into a mixed (stress-displacement) one, required by the Koiter method to obtain
accurate predictions, without introducing stress interpolation functions. The result is an efficient numerical
tool for buckling and initial post-buckling analysis of composite shells, characterized by a low number of
DOFs and integration points and by a simple and quick construction of the reduced model.
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1. Introduction

Composite shells are nowadays employed as primary structural elements in a very wide range of applica-
tions. Their success is mainly due to the high strength/weight ratio that is crucial for lightweight structures.
The failure of such elements often occurs because of buckling phenomena which make them sensitive to ma-
terial, geometrical and load imperfections [1, 2]. Thousands of equilibrium path evaluations can be required
in order to detect the worst imperfection case in terms of failure load. Once discretization techniques are
applied to the continuum problem, the arc-length nonlinear analysis is the standard approach for recon-
structing the equilibrium path of such structures. This analysis consists in solving step-by-step a system of
nonlinear equations where the unknowns are the discrete degrees of freedom (DOFs) and the load factor.
Although this method easily provides the desired information for assigned data, it is too time consuming [3]
and inappropriate for an imperfection sensitivity analysis with current CPUs when fine meshes are needed.
Furthermore, the stacking sequence has proven to strongly affect the buckling and post-buckling response of
the shells [4–6] and the design of an optimal layup can significantly increase the load-carrying capability [7].
Consequently, the need for an optimization process leads to a further computational burden and requires
more efficient tools of analysis and design.

For these reasons, a great amount of research has focused on developing reduced order models (ROMs)
based on the finite element (FE) implementation [8–20] of the Koiter theory of elastic stability [21]. This
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numerical strategy, known as Koiter method and initially proposed in [22–24], is capable of furnishing,
with an acceptable computational cost, an accurate prediction [1] of the limit load value and the initial
post-critical behavior for a very large number of imperfections. From this perspective it seems to be more
effective in the design stage of slender structures.

The ROM consists in approximating the unknown fields using the initial path tangent and restricted
number m of buckling modes associated to the first buckling loads and the corresponding quadratic correc-
tives. In this way, the response of the structure is defined by a reduced system of nonlinear equations where
the unknowns are the load factor and m modal amplitudes and the coefficients correspond to 2nd, 3rd and
4th order energy variations. The most convenient aspect of the method is that the effects of geometrical
imperfections can be included a posteriori in the reduced system of the perfect structure. A very large
number of imperfections can be considered in this way, since each of them only requires the solution of the
reduced system, with a very low computational cost (usually fractions of seconds).

The global operations, which involve the total number of DOFs, are limited to the construction of
the ROM of the perfect structure and are comparable to those required by a linearized buckling analysis.
However, optimization processes of geometry and layup strongly modify the structural behavior and require
repetition many times. In this case, the total computational cost is highly dependent on the discretization.
A solid-shell FE model [25–29] proves to be particularly convenient for the construction of the ROM, since
it allows us to avoid the use of finite rotations, typical of other exact [30] or corotational [31] shell models,
which make the evaluation of the high order strain energy variations complex and expensive. Although a
large number of locking free linear solid-shell elements are available, their behavior is not sufficiently accurate
when modeling curved geometry and, as a consequence, a fine discretization is required. On the other hand,
increasing the interpolation order drastically reduces the computational convenience of the element because
of the high number of DOFs and the time consuming integration and assembly of the quantities [32].

An interesting alternative is given by the isogeometric analysis (IGA) [33, 34] based on NURBS shape
functions. In contrast to Lagrangian functions, one of their feature is the possibility of elevating the order of
the interpolation with little change in the number of DOFs. The number of integration points required for
the numerical integration is also kept quite low because of the high continuity of the shape functions [35, 36].
Other important features are the exact reproduction of the geometry regardless of the mesh adopted and the
possibility of a simple link between the CAD model and structural analysis. These aspects make IGA very
attractive in particular in buckling problems, where a highly continuous solution is often expected [37, 38]
and the accurate representation of the geometry is an important requirement for an accurate analysis [1].

Despite the many advantages, some difficulties have to be overcome. Although the use of very high order
shape functions eliminates interpolation lockings, the order elevation increases the computational efforts
for the integration and the assembly of the discrete quantities. Also the solution of the discrete problem
becomes slower because the stiffness matrix sparsity decreases. For these reasons C1-quadratic and C2-cubic
NURBS interpolations are often preferred, even though they exhibit locking phenomena. The inter-element
high continuity of the interpolation makes it no longer possible to employ element-wise reduced integrations
and strategies like Assumed Natural Strain (ANS) [39] effectively; indeed, they only alleviate but do not
completely eliminate locking and prove to be an unsuitable choice for very thin shells. This also happens
when using mixed formulations with stress shape functions defined at element level.

Conversely, a satisfactory cure for locking is represented by mixed formulations where continuous stress
shape functions [40, 41] are assumed. In this case, the total number of DOFs increases with respect to the
initial displacement formulation and the static condensation of the stress variables, usually employed in finite
element approaches and performed at element level, can only be carried out at patch level leading to a full
condensed stiffness matrix. An effective alternative is the use of displacement formulations with patch-wise
reduced integration rules [35] which have been shown to alleviate and, in same cases, eliminate lockings in
linear elastic problems [36] and at the same time have the additional advantage of reducing the number of
integration points. This strategy seems more attractive than the mixed formulation since it preserves the
stiffness matrix sparsity without introducing additional unknowns and allows a more efficient integration.

However, it has been shown in [16, 24] that the Koiter method requires a mixed formulation in order
to avoid a locking phenomenon in the evaluation of the fourth-order coefficients of the reduced system of
equations and to increase the range of validity of the ROM, which gets worse in displacement formulations
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when the slenderness of the structure increases [16, 42] and the pre-buckling path exhibits even small
nonlinearities. This aspect can also be observed in path-following analyses [16, 43, 44] where displacement
formulations lead to a slow convergence rate of the Newton scheme when slender structures are analyzed.
This is due to the bad estimate of the stresses when evaluated using extrapolated displacements. In the
Koiter analysis this phenomenon is much more evident because the equilibrium path is directly extrapolated
using the ROM, and an equilibrium error is not corrected by an iterative scheme, so affecting the accuracy
of the method. On the contrary mixed formulations avoid this drawback because the stresses are directly
extrapolated. Furthermore, the joint use of a Green-Lagrange strain measure and of a mixed Hellinger-
Reissner variational formulation [15, 16], leads to a 3rd order polynomial dependence of the strain energy
on the discrete DOFs with the consequence of the zeroing of all the fourth order strain energy variations.

In this work, we propose an isogeometric numerical formulation of the Koiter theory for the analysis
of composite shells which exploits the advantages of a solid-shell model. A linear through-the-thickness
interpolation is considered for geometry and displacements. The nonlinear model is based on a Total-
Lagrangian formulation with the use of the Green-Lagrange strain measure. Inspired by the FE approach
proposed by Sze [43], the Green-Lagrange strains are linearized along the thickness direction, allowing
the definition of a modified generalized constitutive matrix which effectively eliminates thickness locking
and leads to accurate predictions for multi-layered composites, without introducing additional through-the-
thickness DOFs [45–47]. The displacement field and the geometry are rewritten in terms of semi-sum and
semi-difference of the top and bottom surface quantities. The model so obtained is described by middle
surface coordinates only, allowing us to interpolate geometry and displacements using bivariate NURBS of
generic order and continuity. Each control point is equipped with six DOFs but, in contrast to traditional
shell models, only displacement DOFs are employed. Shear and membrane locking, which already occur in
linear elastic problems for low order NURBS [48], are even more evident in the nonlinear range. Different
patch-wise reduced integration rules [35, 36], previously proposed for linear analysis, are investigated in
stability problems with the aim of eliminating interpolation lockings and increasing the computational
efficiency when C1-quadratic and C2-cubic NURBS are adopted.

To obtain the mixed description of the problem, required by the Koiter formulation, the Mixed Integration
Point (MIP) strategy, recently proposed in [44, 49] for finite element path-following analyses, is here extended
to the proposed isogeometric Koiter analysis. It consists in relaxing the constitutive equations at each
integration point, making it possible to rewrite the strain energy of the model in a pseudo Hellinger-Reissner
form. We will demonstrate that this approach pushes the efficiency of the Koiter analysis to the limit and,
at the same time, preserves the accuracy of the ROM without the need for stress shape functions and the
previously discussed drawback.

The paper is organized as follows: section 2 presents the isogeometric solid-shell model for composite
shell structures; in section 3 we discuss the buckling and initial post-buckling analysis based on the Koiter
method focusing on the patch-wise reduced integration and reformulation of the analysis based on MIP
strategy; numerical tests to validate the proposed isogeometric formulation of the Koiter theory for the
analysis of common composite structural elements are presented in section 4; finally the conclusions are
discussed in section 5.

2. The isogeometric solid-shell model

An isogeometric solid-shell model for Koiter analysis of composite shells is derived in this section. Ge-
ometry and displacement fields expressed in terms of quantities on the middle surface of the shell are
interpolated with NURBS function of generic order. The model, based on Total Lagrangian formulation
and Green-Lagrange strain measure, is then derived. It extends the FE model proposed in [43].

2.1. NURBS basics

A B-Spline curve is represented as

u[ξ] =

n∑
i=1

Np
i [ξ]Pi = N[ξ]P (1)
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where Pi, i = 1 · · ·n are control points and Np
i (ξ) are the set of B-Spline basis functions, which are

piecewise polynomial functions of order p. The latter are defined by a set of non-decreasing real numbers
Ξ = [ξ1, ξ2, ..., ξn+p+1] known as knot vectors. More details on the B-Spline parametrization can be found
in [50]. B-spline basis functions are calculated recursively by using the formula

Np
i [ξ] =

ξ − ξi
ξi+p − ξi

Np−1
i [ξ] +

ξi+p+1 − ξ
ξi+p+1 − ξi+1

Np−1
i+1 [ξ]

for p ≥ 1 and starting from piecewise constant functions (p = 0) defined as

N0
i [ξ] =

{
1, if ξi ≤ ξ < ξi+1

0, otherwise.

The regularity of B-Spline basis functions is given by r = p−s where p and s are the order used for the basis
functions and the multiplicity of the knot ξi respectively. NURBS extend the B-spline concept in order to
represent circular arcs and conic sections exactly. NURBS are obtained by a projective transformation of
B-splines extending Eq.(1) by using

Rpi [ξ] =
Np
i [ξ]wi∑n

i N
p
i [ξ]wi

(2)

as shape functions. It is worth noting that all properties of B-Splines are maintained and, in particular,
B-Spline basis is retrieved when all the weights are equal.

By applying the tensor product, the NURBS surface is constructed in a similar way to Eq.(1) as

u[ξ, η] =

n∑
i=1

m∑
j=1

Rpi [ξ]M
q
j [η]Pij = N[ξ, η]P (3)

where Ξ = [ξ1, ξ2...ξn+p+1] and H = [η1, η2...ηm+q+1] are two knot vectors, Rpi and Mq
j are the one-

dimensional basis functions over these knot vectors and Pij defines a set of n × m control points. The
tensor product of the knot vectors Ξ and H defines a mesh of quadrilateral ”isogeometric elements”.

Weights, as well as control points of the initial geometry, are provided by the CAD model while suitable
algorithms exist for the refinement required to approximate the unknown solution [33, 50]. The geometry is
always represented exactly regardless of the mesh adopted.

2.2. Shell kinematics

Convective curvilinear shell coordinates ξ = [ξ, η, ζ] with (ξ, η) representing middle surface coordinates
and ζ being the shell thickness coordinate are employed in this Total Lagrangian formulation. The position
of material points in the current configuration is given in terms of their position vector X(ξ, η, ζ) in the
reference configuration and the displacement state d(ξ, η, ζ), cf Fig. 1

x(ξ, η, ζ) = X(ξ, η, ζ) + d(ξ, η, ζ). (4)

The covariant basis vectors in the undeformed and deformed configuration are obtained from the corre-
sponding partial derivatives of the position vectors X and x, respectively

Gi = X,i , gi = x,i = Gi + d,i with i = 1, 2, 3 , (5)

where (),i denotes the partial derivative with respect to ith components of ξ. The contravariant basis vectors
follow from the dual basis condition: gi · gj = Gi ·Gj = δji and the metric coefficients are gij = gi · gj and
Gij = Gi ·Gj with (i, j = 1, 2, 3). The motion of material points from the initial reference configuration to
the current configuration is described by the deformation map F : x→ X

F =
∂x

∂X
= gi ⊗Gi (6)
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Figure 1: Undeformed and deformed shell geometry.

and the Einstein convention of summing on repeated indexes is adopted from now on.
Using the deformation gradient in Eq.(6) and the metric tensor coefficients gij and Gij , the Green-

Lagrange strain tensor can be expressed as

E =
1

2

(
FT F− I

)
= Ēij Gi ⊗Gj (7)

with

Ēij =
1

2
(X,i ·d,j +d,i ·X,j +d,i ·d,j ) with i, j = 1, 2, 3 (8)

where (·) means scalar product.
Assuming a linear through-the-thickness interpolation the position vector is expressed as

X = X0[ξ, η] + ζXn[ξ, η] (9)

where

X0 =
1

2
(X[ξ, η, 1] + X[ξ, η,−1]) , Xn =

1

2
(X[ξ, η, 1]−X[ξ, η,−1])

with ζ = 1 and ζ = −1 identifying the top and the bottom surface of the shell respectively.
Similarly, the displacement field d = d0[ξ, η]+ζdn[ξ, η] is described as a combination of the displacements

d0 =
1

2
(d[ξ, η, 1] + d[ξ, η,−1]) , dn =

1

2
(d[ξ, η, 1]− d[ξ, η,−1]) .

The same convective coordinates ξ are used for expressing the interpolation of the discrete model.

2.3. The isogeometric solid-shell element

The numerical model is obtained interpolating the geometry and the displacement field using the shape
functions in Eq.(3)

X[ξ] = Nd[ξ]Xe, d[ξ] = Nd[ξ]de (10)

where de = [d0e,dne] and Xe = [X0e,Xne] collect the element control points for displacement and geometry.
The matrix Nd[ξ] collects the interpolation functions

Nd[ξ] ≡
[
N[ξ, η], ζN[ξ, η]

]
(11)

where ζ ∈ [−1,+1] and N[ξ, η] are bivariate NURBS (3), functions of the middle surface coordinates only.
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Adopting a Voigt notation, the Green-Lagrange covariant strain components in Eq.(8) are collected in
vector Ē = [Ēξξ, Ēηη, 2Ēξη, Ēζζ , 2Ēηζ , 2Ēξζ ]

T , that, exploiting Eq.(10), becomes

Ē =

(
L[ξ] +

1

2
Q[ξ,de]

)
de, (12)

where L[ξ] ≡Q[ξ,Xe] and Q is so defined

Q[ξ,de] ≡



dTe Nd,
T
ξ Nd,ξ

dTe Nd,
T
η Nd,η

dTe (Nd,
T
ξ Nd,η +Nd,

T
η Nd,ξ )

dTe Nd,
T
ζ Nd,ζ

dTe (Nd,
T
ζ Nd,η +Nd,

T
η Nd,ζ )

dTe (Nd,
T
ξ Nd,ζ +Nd,

T
ζ Nd,ξ )

 . (13)

By truncation, the linearized covariant strains

Ē ≈

ē[ξ, η] + ζ χ̄[ξ, η]
Ēζζ [ξ, η]
γ̄[ξ, η]

 (14)

where

ē[ξ, η] ≡

 Ēξξ[ξ, η, 0]
Ēηη[ξ, η, 0]
2Ēξη[ξ, η, 0]

 χ̄[ξ, η] ≡

 Ēξξ,ζ [ξ, η, 0]
Ēηη,ζ [ξ, η, 0]
2Ēξη,ζ [ξ, η, 0]

 γ̄[ξ, η] ≡
[
2Ēηζ [ξ, η, 0]
2Ēξζ [ξ, η, 0]

]

are collected in the vector of generalized covariant strains ε̄[ξ, η] ≡
[
ē, Ēζζ , χ̄, γ̄

]T
. In order to simplify the

notation, the dependence of the quantities on ξ, η will be omitted from now on, when clear.
The generalized stress components, once the kinematic model is assumed, are automatically given

by assuring the invariance of the internal work. By collecting the contravariant stress components S̄ ≡
[S̄ξξ, S̄ηη, S̄ξη, S̄ζζ , S̄ηζ , S̄ξζ ]

T , the work conjugate variables with ε̄ are obtained by

W =

∫
V

S̄
T
ĒdV =

∫
Ω

(
N̄ T

ē + M̄T
χ̄+ s̄ζζĒζζ + T̄ T

γ̄
)

=

∫
Ω

σ̄T ε̄dΩ

(15)

where, from now on,
∫

Ω
(...) Ω = 2

∫ ξi+1

ξi

∫ ηi+1

ηi
(...) det(J[ξ, η, 0])dξdη and J denotes the Jacobian matrix

J[ξ, η, ζ] = [G1, G2, G3]T .

The generalized contravariant stresses σ̄ ≡
[
N̄ , s̄ζζ ,M̄, T̄

]T
in Eq.(15) are then

N̄ ≡ 1

2

∫ 1

−1

σ̄pdζ M̄ ≡ 1

2

∫ 1

−1

ζσ̄pdζ

s̄ζζ ≡
1

2

∫ 1

−1

S̄ζζdζ T̄ ≡ 1

2

∫ 1

−1

τ̄dζ

(16)

with

σ̄p =

S̄ξξS̄ηη
S̄ξη

 τ̄ =

[
S̄ξζ
S̄ηζ

]
.
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2.4. The mapping to the physical domain

The relation between the contravariant stresses and covariant strains in tensor notation and the corre-
sponding Cartesian ones is

E = J−1ĒJ−T and S = JT S̄J, (17)

that in Voigt notation can be written as

E = TEĒ and S = TSS̄ (18)

with TS = T−TE .
From Eq.(9) J = J0[ξ, η] + ζJn[ξ, η] and its inverse can be linearized with respect to ζ as

J−1[ξ, η] = J−1
0 [ξ, η] + ζJ−1

n [ξ, η] (19)

where it is possible to obtain J−1
n by satisfying up to the first order in ζ the equation JJ−1 = I, that implies

J−1
n = J−1

0 JnJ−1
0 .

Substituting Eq.(19) in Eq.(18) and maintaining only the linear terms in ζ we obtain the linearized expression
of TE = TE0 + ζTEn. In particular letting

TE0 =

T0
ee T0

eζ T0
eγ

T0
ζe T 0

ζζ T0
ζγ

T0
γe T0

γζ T0
γγ

 , TEn =

Tn
ee Tn

eζ Tn
eγ

Tn
ζe Tnζζ Tn

ζγ

Tn
γe Tn

γζ Tn
γγ


and maintaining the linear terms in ζ only, we have

E = TEĒ =

e + ζχ
Eζζ
γ

 . (20)

Eq. (20) can be expressed in terms of the generalized strains as

ε = Tεε̄ (21)

where ε = [e, Eζζ ,χ,γ] and

Tε =


T0
ee T0

eζ 03×3 T0
eγ

T0
ζe T 0

ζζ 01×3 T0
ζγ

Tn
ee Tn

eζ T0
ee Tn

eγ

T0
γe T0

γζ 02×3 T0
γγ

 .
Combining Eqs.(12), (14) and (21) it is possible to obtain the Cartesian generalized strain-displacement

relationship

ε =

(
Le +

1

2
Qe[de]

)
de (22)

where
Qe[u]v = Qe[v]u ∀u,v. (23)

2.5. Modified generalized constitutive matrix

The homogenization technique proposed in [15, 43] is employed. A modified generalized constitutive
matrix Cε is derived by integrating the constitutive law of each lamina and assuming a constant with ζ
stress Sζζ through the layers in order to eliminate thickness locking. In this way an accurate prediction of
the global behavior in terms of stresses and displacements is obtained.

The thickness locking free generalized constitutive law in the global reference system is

σ[ξ, η] = Cεε[ξ, η]. (24)
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3. Koiter IGA based on mixed integration points

When comparing FE formulations of the Koiter theory based on a purely displacement-based formulation
and a mixed one, it has been shown in many works (see for example [15, 16]) that the latter provides a
superior performance. In particular, the use of stress and displacement DOFs as independent variables
leads to a more efficient construction of the ROM and makes it accurate for a wider range. The improved
accuracy is much more evident when the slenderness of the structure gets higher and the pre-critical path
presents some nonlinearities. In [51, 52] it has been shown how the stress interpolation produces locking-free
solutions only when the shape functions are continuous over the patch of elements. In this way, the total
number of unknowns significantly increases due to the extra stress variables, which cannot be condensed at
element level as is usual in the FEM context and it is not convenient. In this work we use an isogeometric
version of the Koiter method. Some conflicting aspects are evident. A mixed formulation would lead to
an accurate Koiter analysis free from locking, but would compromise the overall efficiency because of the
extra stress variables. On the other hand, the displacement formulation is plagued by locking and decreases
the range of validity of the ROM. Recently, in [35, 36] patch-wise reduced integrations were successfully
proposed for eliminating locking in linear analyses with displacement NURBS interpolations. The main idea
of this work is to investigate the use of patch-wise reduced integrations to handle interpolation locking in
constructing the ROM using the displacement solid-shell model derived in the previous section. The stresses
at the integration points are then chosen as independent variables inspired by the mixed integration point
(MIP) strategy proposed in [44] for path-following finite element analyses and adopted in IGA in [49, 53].
In this way the accuracy and efficiency of the ROM is preserved avoiding the use of a stress interpolation.

The standard Koiter approach, described in detail in[1, 15], is now briefly recalled and the steps of the
algorithms are particularized to IGA using the MIP strategy and the patch-wise integration.

3.1. The nonlinear model and the numerical integration

We consider a slender hyperelastic structure subject to conservative loads p[λ] proportionally increasing
with the amplifier factor λ. The equilibrium is expressed by the virtual work equation

Φ[u]′ δu − λp̂ δu = 0 , u ∈ U , δu ∈ T (25)

where u ∈ U is the field of configuration variables, Φ[u] denotes the strain energy, T is the tangent space of
U at u and a prime is used to express the Frechèt derivative with respect to u. We assume that U will be a
linear manifold so that its tangent space T will be independent of u. When a mixed format is adopted the
configuration variables u collect both displacement and stress fields.

The displacement based IGA formulation previously presented allows us to express the strain energy of
the element as a sum of element contributions Φ[u] ≡

∑
e Φe[de]

Φe[de] ≡
∫

Ωe

(
1

2
εTCεε

)
dΩe (26)

where Ωe is the element domain and a numerical integration is usually adopted.

3.1.1. Locking and patch-wise reduced integrations

Note that the same NURBS interpolation is employed over the middle surface of the shell for all the dis-
placement components. As is well known, this produces interpolation locking when low order interpolations
are considered. The linear term in Eq.(22) can be plagued by standard shear and membrane locking, which
then occurs even in small deformation problems. Furthermore, when a Total Lagrangian formulation is used
to describe the nonlinear behavior a more evident additional locking occurs as consequence of the different
approximation of the linear and the quadratic Green-Lagrange strain contributions in Eq.(22).

Recently, patch-wise integration rules, which take into account the inter-element high continuity of the
displacement interpolation have been proposed [35, 36] and applied to linear elastic problems. In our opinion,
these works represent an important development in IGA. The d-dimensional target space, that is the space
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for the integration of the strain energy (as well as the stiffness matrix), of order p and regularity r, labeled
as Spr , is exactly integrated by a number of ≈ ((p− r)/2)d integration points per element, distributed over
the patch, significantly lower than in standard Gauss quadrature rules. For the full integration, due to the
product of the shape functions and their derivatives, p is twice the order of the splines and r is the continuity
order minus one. This means that, for example, for C1-quadratic and C2-cubic splines the full integration
spaces are S4

0 and S6
1 respectively.

Positions and weights of the integration points are not equal for each element, but are evaluated, once and
for all, in a pre-processing phase and depend on r, p and patch mesh. The algorithms which provide these
kinds of integration rules can be found in [35, 36] and are very efficient. Their computational burden is just
a small fraction of the total cost of a linear analysis and negligible compared to a nonlinear analysis. We
refer to [35, 36] for all the details.

The patch-wise exact integration of a given space Spr also opens up new possibilities for patch-wise
reduced integration schemes. In fact p and r can be selected by the user and are not required to be those for
the exact integration of the problem space. If the integration space presents spurious modes, more points
than the minimum number strictly required by the space are utilized in order to remove them. In this
case the approximation space is said to be over-integrated and labeled as S̄pr . The number of additional
integration points is proportional to the number of boundary elements and, then, becomes negligible when
the mesh gets finer. Again, we refer to [35, 36] for the details. With respect to the element-wise reduced
integrations, an appropriate selection of the patch-wise reduced integration rules makes it possible to avoid
spurious modes, alleviate or eliminate interpolation locking in the linear elastic range and further reduce
the number of integration points.

Being that in patch-wise rules the number of integration points n can be different element-by-element,
the strain energy can then be evaluated as

Φe[de] ≡
1

2

n∑
g=1

εg[de]
TCgεg[de] wg (27)

where subscript g denotes quantities evaluated at the integration point [ξg, ηg], wg is the product of the
corresponding weight and the determinant of the Jacobian matrix J evaluated at the integration point and
Cg is Cε at the integration point.

The use of a displacement-based IGA model is then theoretically very accurate and efficient and repre-
sents, potentially, a reliable choice from the point of view of the discrete approximation and the efficiency
of the integration with respect to standard FE interpolation of the same order if interpolation locking is
avoided.

3.2. The mixed integration point strategy

In Koiter analysis, regardless of the quality of the discrete approximation, a mixed format in stress and
displacement is required to achieve accuracy and efficiency.

The fundamental idea of the mixed integration point (MIP) strategy is to relax the constitutive equations
at the level of each integration point. This is made by rewriting the strain energy in a pseudo Hellinger-
Reissner form on the element

Φe[ue] ≡
n∑
g=1

(
σTg εg[de]−

1

2
σTg C−1

g σg

)
wg (28)

where the stresses at each integration point σg are now independent variables being

ue =


σ1

...
σn
de

 (29)
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From the stationary condition with respect to σg we obtain the constitutive law at the integration point g

sgσ ≡ εg[de]−C−1
g σg (30)

that, if substituted in Eq.(28), again furnishes the displacement formulation in Eq.(27). This means that
we only change the format, from displacement to mixed, not the discrete approximation of the problem and
the true equilibrium path obtained with the two formulations, when a path-following scheme is adopted, is
exactly the same as the initial displacement formulation [44].

Another important consequence of the MIP rewriting of the problem equations is that, when a Green-
Lagrange strain measure is used as in the present Total Lagrangian solid-shell model, the polynomial depen-
dence of the strain energy on the discrete parameters ue in the MIP format is of the 3rd order only, instead
of the 4th order of the initial displacement formulation.

3.3. The implementation of the Koiter method using mixed integration points

The asymptotic approach is based on a third order Taylor expansion of Eq.(25), in terms of load factor
λ and modal amplitudes αi. We refer readers to [1, 15] for recent developments of the method and more
detail.

Letting ui ∈ T be a generic variation of the displacement field and denoting with a bold symbol the
discrete FEM counterpart of the continuum quantities, and referring to the solid-shell finite element model
presented in [15], the construction of the reduced model of the perfect structure consists of the following
steps.

1. The fundamental path is evaluated as

uf [λ] = u0 + λû , K0 û = f , K0 ≡ K[u0] (31a)

where K0 and f are obtained from the following energy equivalence

uT1 K0u2 := Φ′′0u1u2 uT1 f = p u1.

and requires the solution of a linear system to evaluate the initial path tangent û. A subscript will
denote, from now on, the point in which the quantities are evaluated, i.e. Φ′′0 ≡ Φ′′[u0] and so on.

2. The buckling modes and loads are obtained from the linearized critical condition consisting of the
eigenvalue problem

K[λ]v̇ ≡ (K0 + λK1[û])v̇ = 0 (31b)

where K1 is obtained from the following energy equivalence

uT1 K1u2 = Φ′′′0 ûu1u2.

3. The (m × (m + 1))/2 + 1 quadratic corrective FE vectors wij , ˆ̂w are obtained by the solution of the
linear systems

Kb
ˆ̂w +

ˆ̂
f +

m∑
k=1

ck f̂k = 0 with ck = v̇Tk
ˆ̂
f

Kbwij + f ij +

m∑
k=1

ck f̂k = 0 with ck = v̇Tk f ij

(31c)

in which Kb ≡ K0 + λbK1, f̂k = K1v̇k, λb is a reference value of the bifurcation cluster, usually the
first buckling load and f ij , f00 are defined as a function of modes v̇i and û by the energy equivalences

δwT f ij = Φ′′′v̇j v̇jδw

δwT ˆ̂
f = Φ′′′û2δw

10



4. The construction of the reduced system of equations

rk[λ, αi] ≡ µk[λ] + (λk − λ)αk −
1

2
λ2

m∑
i=1

αiCik +
1

2

m∑
i,j=1

αiαjAijk

+
1

6

m∑
i,j,h=1

αiαjαhBijhk = 0, k = 1 · · ·m
(31d)

is carried out by evaluating the energy terms for i, j, h, k = 1 · · ·m as sum of element contributions

Aijk =Φ′′′v̇iv̇j v̇k

Cik =Φ′′b
ˆ̂wwik

Bijhk =− Φ′′b (wijwhk + wihwjk + wikwjh)

µk[λ] =
1

2
λ2Φ′′′û2v̇k

where
Φ′′bu1u2 = (Φ′′0 + λbΦ

′′′û)u1u2 ∀u1, u2.

The evaluation of the equilibrium path, to be repeated for each additional imperfection, is obtained by
solving the modified reduced system

rk[λ, αi] + µ̃k[λ, αi] = 0

where µ̃k represents the effect of the imperfection, and can be evaluated as in [1].

3.4. Strain energy variations using Mixed Integration Points

In the following uig = {σig,die} will denote the vector representation on the integration point g of ui.
The first variation of (28) is

Φ′eu1 =

n∑
g=1

[
σ1g

d1e

]T [
sgσ
sgd

]
wg (32a)

with {
sgσ ≡ εg[de]−C−1

g σg

sgd ≡ Bg[de]
Tσg.

(32b)

and Bg[de] = Lg + Qg[de].
The second variation of (28) is

Φ′′eu1u2 =

n∑
g=1

{
σT1gBg[de]d2e + σT2gBg[de]d1e + σTg Qg[d1e]d2e

}
wg. (32c)

Letting
εQgk = dT1eΨgkd2e.

the kth component of vector Qg[d1e]d2e the following expression holds

σTg Qg[d1e]d2e ≡
∑
k

σgk ε
Q
gk = dT1eG[σg]d2e

with
G[σg] =

∑
k

σgkΨgk. (32d)
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In matrix form the second variation of (28) then becomes

Φ′′eu1u2 =

n∑
g=1

[
σ1g

d1e

]T [−C−1
g Bg

BT
g Gg

] [
σ2g

d2e

]
wg

=
∑
g

uT1gKgu2g

(32e)

where Gg ≡ Ge[σg].
The second variation can also be written in vector form introducing the incremental force vector so

defined

Φ′′eu1u2 =
∑
g

uT1gs
′
g[u2g] with s′g[u2g] ≡

[
−C−1

g σ2g + Bgd2e

BT
g σ2g + Ggd2e

]
(32f)

The third variation of the strain energy is

Φ′′eu1u2u3 =

n∑
g=1

{
σT1gQg[d3e]d2e + σT2gQg[d3e]d1e + σT3gQg[d1e]d2e

}
wg (32g)

that can also be written in vector form introducing the secondary force vector as

Φ′′′e δu1δu2δu3 =
∑
g

uT1gs
′′
g [u2g,u3g] with s′′g [u2g,u3g] ≡

[
Qg[d3e]d2e

Qg[d3e]
Tσ2g + Gg[σ3g]d2e

]
(32h)

Note that all fourth order strain energy variations of the initial displacement based formulation are
identically zero due to the 3rd order polynomial dependence of the strain energy on the discrete parameters.

Finally, as usual, for each element vector ye and matrix Ye the global quantities are obtained using
standard assemblage operations as

y =
∑
e

AT
e ye, Y =

∑
e

AT
e YeAe. (33)

while scalar quantities are simply sums of element contributions.

3.5. Solution of the Koiter linear systems and eigenvalue problem in condensed form

Koiter analysis requires the evaluation of a series of linear systems and an eigenvalue problem. Their
solution can be obtained by static condensation of the stress variables. This is an important aspect of the
proposed IGA MIP formulation which allows us to eliminate them at integration point level, maintaining
the computational cost of the displacement one.

3.5.1. Fundamental path

Eq.(31a) at the element level becomes
−C−1

1 w1 L1w1

. . .
...

−C−1
n wn Lnwn

LT1 w1 . . . LTnwn 0



σ̂1

...
σ̂n
d̂e

 =


0
...
0
fe

 (34)

By performing a static condensation of the stress correction σ̇g, locally defined at the integration point,
we obtain

σ̂g = CgLgd̂e (35)

and then

Kc
0ed̂e = fe with Kc

0e =

n∑
g=1

(
LTg CgLg

)
wg (36)

where the condensed element tangent stiffness matrix Kc
0e coincides with the classical displacement-based

one

12



3.5.2. Buckling problem

The buckling problem can be written as
−C−1

1 w1 (L1 + λQ1[d̂e])w1

. . .
...

−C−1
n wn (Ln + λQn[d̂e])wn

(L1 + λQ1[d̂e])
Tw1 . . . (Ln + λQn[d̂e])

Twn λ
∑
g Gg[σ̂g]wg



σ̇1

...
σ̇n
ḋe

 =


0
...
0
0

 (37)

and also in this case, eliminating the stresses of the integration points

σ̇g = Cg(Lg + λQg[d̂e])ḋe

and substituting in Eq.(37){∑
g

(
(Lg + λQg)

TCg(Lg + λQg) + λGg[σ̂g]
)
wg

}
ḋe = 0,

we obtain the element contribution to the quadratic eigenvalue problem∑
g

(Kc
0g + λKc

1g + λ2Kc
2g)ḋe = 0.

A linearized problem can also be obtained when the quadratic part of the strain along the fundamental path
Qg[d̂e] is negligible and then {∑

g

(
LTg CgLg + λGg[σ̂g]

)
wg

}
ḋe = 0.

3.5.3. Quadratic correctives

Finally the linear system in Eq.(31c), letting ck = 0 to simplify the writing, becomes
−C−1

1 w1 B1w1

. . .
...

−C−1
n wn Bnwn

BT
1 w1 . . . BT

nwn
∑
g Ggwg


b


ˆ̂σ1

...
ˆ̂σn
ˆ̂
de

 = −


Q1[d̂e]d̂e

...

Qn[d̂e]d̂e∑
g

(
Qg[d̂e]

T σ̂g + Gg[σ̂g]d̂e
)
 (38)

where subscript b on matrices denotes that they are evaluated in ubg = λb{σ̂g, d̂e}.
By condensing out the stress correction at the integration points

ˆ̂σg = CgBg
ˆ̂
de + CgQg[d̂e]d̂e (39)

we obtain the linear system in the condensed form

Kbe
ˆ̂
de = −ˆ̂sc (40)

with

Ke[ûe] =
∑
g

(
BT
g CgBg + Gg[σg]

)
b
wg

sce[ûe] =
∑
g

(
Qg[d̂e]

T σ̂g + Gg[σ̂g]d̂e + BT
g CgQg[d̂e]d̂e

)
wg

(41)

as the condensed tangent stiffness matrix, that has the same expression as the classical displacement based
one but directly depends on the stresses, and the condensed secondary forces respectively.
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E11 E22 = E33 ν12 = ν13 ν23 G12 = G13 G23

181e9 10.27e9 0.28 0 7.17e9 5.135e9

Table 1: Composite square plate: material properties.

Figure 2: Composite square plate: geometry, load and boundary conditions.

4. Numerical results

The proposed numerical tool is now tested in common composite structures, such as plates, panels and
cylinders. The first goal is to test the accuracy of the isogeometric solid-shell model in representing the
buckling and post-buckling configuration. To this end, different meshes and numerical integrations are
considered for C1-quadratic and C2-cubic NURBS interpolations of the displacement field over the middle
surface of the shell. The second goal is to assess the accuracy of the ROM built with the proposed MIP
isogeometric formulation of the Koiter method by comparing the results with reference solutions obtained
by path-following analyses [49] based on the full model.

4.1. Composite square plate under compression

The first test, depicted in Fig.2, is a simply supported laminated plate under compression. The material
properties are reported in Table 1. The layup adopted is [0◦/90◦]4S . The test has been studied in [19] using
shell elements and in [6] by a Ritz method. Firstly, the accuracy of the proposed isogeometric solid-shell
model is tested in the evaluation of the four lowest buckling loads, which are reported in Table 2 and Table
3 for the C1 and the C2 interpolation respectively. The corresponding buckling modes are pictured in Fig.3.
Different integration schemes are considered as well as the local ANS proposed in [39]. In particular, Table
2 shows the good performance of S̄2

0 , which turns out to be the best integration among those considered
in terms of both accuracy and efficiency, providing good results for the 8 × 8 mesh and requiring just
≈ 1 integration point per element. Conversely, ANS and the full integration S4

0 , which require 9 and ≈ 4
integration points per element respectively, prove to be inaccurate because of the interpolation locking. It
increases with the slenderness of the plate and slowly vanishes when the mesh is refined. Moreover, Table 3
shows the advantages of a higher continuity in buckling problems, showing that the C2 interpolation with S̄3

1

and, in particular, S4
1 integration provides good results even using a 4×4 mesh. S̄3

1 requires ≈ 1 integration
point per element but is slightly penalized for coarse meshes by the over-integration, while S4

1 furnishes
exact results for a 8× 8 mesh and makes use of ≈ 2.25 integration points per element. The full integration
S6

1 , making use of ≈ 6.25 integration points per element, is unusable due to locking phenomena that also
hold for the finest mesh.

The equilibrium path in the pre-critical and initial post-critical range is reconstructed using the Koiter
method and reported in Fig.4 for C1 and Fig.5 for C2. A small geometrical imperfection ẽ with the shape
of the first buckling mode and ‖ẽ‖∞ = 0.01t is considered. In addition, a reference solution obtained using
a very fine mesh and the standard Riks method, which solves step-by-step the nonlinear equations of the
full discrete model, is reported. For this test, just one buckling mode is used in the ROM of the Koiter
method which, then, requires that only one nonlinear equation be solved. Looking at Fig.4 we can note
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4 elm. 8 elm. 16 elm.

S̄2
0 S3

0 S4
0 ANS S̄2

0 S3
0 S4

0 ANS S̄2
0 S3

0 S4
0 ANS

1.010 1.004 1.185 1.184 1.000 1.002 1.179 1.121 1.000 1.000 1.113 1.006
1.367 ∗ ∗ 1.483 1.007 1.073 ∗ 1.439 1.000 1.006 1.561 1.064
1.348 ∗ ∗ 1.457 1.006 1.071 ∗ 1.422 1.000 1.006 1.648 1.076
1.328 ∗ ∗ 1.636 1.022 1.015 ∗ 1.591 1.000 1.007 ∗ 1.188

∗ > 2

Table 2: Composite square plate: first 4 normalized buckling loads for C1 interpolation.

4 elm. 8 elm. 16 elm.

S̄3
1 S4

1 S6
1 S̄3

1 S4
1 S6

1 S̄3
1 S4

1 S6
1

1.003 1.000 1.185 1.000 1.000 1.170 1.000 1.000 1.028
1.031 1.030 1.479 1.003 1.000 1.473 1.000 1.000 1.240
1.034 1.028 1.451 1.004 1.000 1.446 1.000 1.000 1.255
1.139 1.012 1.618 1.016 1.002 1.614 1.001 1.000 1.412

Table 3: Composite square plate: first 4 normalized buckling loads for C2 interpolation.

(a) mode 1

(b) mode 3

(c) mode 2

(d) mode 4

Figure 3: Composite square plate: first 4 buckling modes.
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Figure 4: Composite square plate: equilibrium path using the C1 interpolation
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Figure 5: Composite square plate: equilibrium path using the C2 interpolation

that, although the bifurcation point is almost exact using C1-S̄2
0 , a 4 × 4 mesh exhibits a stiffer post-

buckling response compared to the reference solution as consequence of interpolation locking of the linear
and quadratic strains. However, the error becomes much lower by considering a 8 × 8 mesh. Figure 5, on
the other hand, highlights the benefits of a higher continuity: C2-S̄3

1 and C2-S4
1 agree very well with the

reference path also for the coarsest mesh.
As a general comment, a drastic reduction in the number of DOFs is achieved with respect to the locking

free linear shell elements used in [19] for the same test.

4.2. Composite curved panel under compression

The second test regards a curved panel under compression whose geometry, loads, and boundary condi-
tions are represented in Fig.6. The material properties can be found in Table 4. Two different layups are
considered: [0]6 and [45,−45, 0]s. The lamination significantly influences the shape of the buckling modes
as illustrated in Fig.7. The slenderness of the panel is much lower than that of the previous test. This
means that the effects of the interpolation locking are less evident. This is confirmed by Tables 5, 6, 7 and
8 which show the convergence of the first 4 linearized buckling loads. The high continuity together with the
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Figure 6: Composite curved panel: geometry and boundary conditions.

E11 E22 = E33 ν12 = ν13 ν23 G12 = G13 G23

30.6 8.7 0.29 0.5 3.24 2.9

Table 4: Composite curved panel: material properties.

exact representation of the geometry leads to very good results with all the integration strategies. Again,
however, the S̄2

0 for C1 and S4
1 and S̄3

1 for C2 represent the best choices in terms of accuracy and efficiency.

The study of the initial post-buckling behavior of the panel is carried out considering the presence of a
geometrical imperfection ẽ that is a combination of the first and the second buckling modes. In particular, it
is the difference between them scaled in order to obtain ‖ẽ‖∞ = 0.1t. The Koiter solution is evaluated using
a ROM based on the first two buckling modes only, since the higher ones are far from the first two, and it
is compared with reference paths obtained using a very fine mesh and the standard Riks method for solving
the nonlinear equations of the full model. For both the layups, the initial post-buckling exhibits a limit load
as shown in Fig.8 and Fig.9 for [0]6 and in Fig.10 and 11 for [45,−45, 0]s. C1-S̄2

0 , C2-S̄3
1 and C2-S4

1 are the
best performing strategies, providing a good estimate of the limit loads with a 8 × 8 mesh, which became
practically exact using a 16 × 16 mesh. Clearly, the Koiter solution differs from the full nonlinear one for
very large displacements since the ROM is built for the estimation of the initial post-buckling behavior.

4.3. Laminate composite cylinder subjected to axial compression

The cylinder considered in the following and labelled Z33 was manufactured and tested by DLR (German
Aerospace Center) and commonly used as a validation model for numerical developments in the context of
laminate composite shell design [1, 54]. The stacking sequence is in[0/0/19/− 19/37/− 37/45/− 45/51/−

4 elm. 8 elm. 16 elm.

S̄2
0 S3

0 S4
0 ANS S̄2

0 S3
0 S4

0 ANS S̄2
0 S3

0 S4
0 ANS

1.053 1.055 1.078 1.042 1.002 0.998 1.020 1.008 0.995 0.995 0.998 0.996
1.158 1.424 1.694 1.177 1.005 1.008 1.069 1.018 0.996 0.998 1.003 0.997
1.259 1.609 ∗ 1.299 1.009 1.035 1.124 1.039 1.003 1.004 1.012 1.003
1.408 1.746 ∗ 1.396 1.007 1.061 1.213 1.067 1.003 1.005 1.020 1.004

∗ > 2

Table 5: Composite curved panel: first 4 normalized buckling loads for [0]6 with C1 interpolation.
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(a) mode 1 [0]6

(b) mode 1 [45/− 45/0]s

(c) mode 2 [0]6

(d) mode 2 [45/− 45/0]s

Figure 7: Composite curved panel: first and second buckling mode corresponding to two different layups
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Figure 8: Composite curved panel: equilibrium path for [0]6 and C1 interpolation
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4 elm. 8 elm. 16 elm.

S̄2
0 S3

0 S4
0 ANS S̄2

0 S3
0 S4

0 ANS S̄2
0 S3

0 S4
0 ANS

1.096 1.144 1.263 1.165 1.016 1.018 1.095 1.054 1.001 1.002 1.015 1.004
1.082 1.201 1.656 1.106 1.013 1.010 1.078 1.036 0.998 0.999 1.011 1.001
1.080 1.346 ∗ 1.333 1.007 1.010 1.157 1.061 0.998 0.999 1.010 0.999
1.235 1.456 ∗ 1.848 1.035 1.073 1.228 1.119 1.003 1.012 1.049 1.011

∗ > 2

Table 6: Composite curved panel: first 4 normalized buckling loads for [45,−45, 0]s with C1 interpolation.

4 elm. 8 elm. 16 elm.

S̄3
1 S4

1 S6
1 S̄3

1 S4
1 S6

1 S̄3
1 S4

1 S6
1

0.995 1.034 1.031 1.001 1.005 1.004 1.001 1.002 1.001
1.000 1.013 1.073 1.001 1.004 1.003 1.001 1.001 1.001
1.008 1.063 1.132 1.003 1.008 1.007 1.002 1.003 1.003
1.014 1.104 1.210 1.004 1.009 1.010 1.002 1.003 1.003

Table 7: Composite curved panel: first 4 normalized buckling loads for [0]s with C2 interpolation.

4 elm. 8 elm. 16 elm.

S̄3
1 S4

1 S6
1 S̄3

1 S4
1 S6

1 S̄3
1 S4

1 S6
1

0.995 1.097 1.110 1.006 1.014 1.018 1.002 1.005 1.004
1.014 1.044 1.068 1.006 1.012 1.015 1.001 1.003 1.003
1.002 1.121 1.167 1.003 1.007 1.014 1.001 1.003 1.002
1.062 1.205 1.280 1.041 1.022 1.061 1.001 1.003 1.003

Table 8: Composite curved panel: first 4 normalized buckling loads [45,−45, 0]s with C2 interpolation.
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Figure 9: Composite curved panel: equilibrium path for [0]6 and C2 interpolation
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Figure 10: Composite curved panel: equilibrium path for [45/− 45/0] and C1 interpolation
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Figure 11: Composite curved panel: equilibrium path for [45/− 45/0] and C2 interpolation
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E11 E22 = E33 ν12 ν23 = ν13 G12 = G13 = G23

123.6 8.7 0.32 0 5.7

Table 9: Laminate composite cylinder: material properties.

12 elm. 24 elm. 48 elm.

S̄2
0 S3

0 S4
0 ANS S̄2

0 S3
0 S4

0 ANS S̄2
0 S3

0 S4
0 ANS

0.957 1.594 ∗ 1.658 1.003 1.041 1.200 1.056 1.000 1.002 1.015 1.001
0.960 1.596 ∗ 1.664 1.006 1.046 1.200 1.059 1.000 1.002 1.015 1.001
0.959 1.618 ∗ 1.661 1.005 1.044 1.200 1.060 1.000 1.002 1.014 1.001
0.962 1.618 ∗ 1.719 1.007 1.048 1.208 1.060 1.000 1.002 1.014 1.001

∗ > 2

Table 10: Laminate composite cylinder: first 4 normalized buckling loads with C1 interpolation.

51]out with the angles measured from the cylinder axis with respect to the outward normal. The cylinder
has a height of 510, a radius of R = 250 and a wall-thickness of t = 1.25, cf Fig.12. The material properties
are reported in Table 9

Boundary condition 

Upper edge
v0, w0 = 0
un, vn, wn = 0

Lower edge
u, v, w = 0

\ 

x,u R=250 

o 

L!) 

Il 
:e 

Figure 12: Laminate composite cylinder: model properties.

The cylinder is clamped at the bottom face and only the axial translation is allowed at the top surface.
A uniformly distributed load along the top rim is applied in axial direction. The lowest buckling loads of the
perfect structure are reported in Table 10 and Table 11 for the C1 and the C2 interpolation respectively. The
corresponding buckling modes are depicted in Fig.13. Due to problem symmetries they occur in couples.
Also for this test, C1-S̄2

0 , C2-S̄3
1 and C2-S4

1 turn out to be particularly accurate and provide good results
with a relatively coarse mesh in comparison with those usually employed in the FE literature [55].

In evaluating the initial post-buckling behavior a load imperfection is introduced by a concentrated force
halfway up the cylinder axis. By including just one mode in the ROM, a good prediction of the limit load
is obtained as shown in Fig.14 and confirmed by the comparison with the reference solution obtained using
a very fine mesh and a full nonlinear analysis.
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12 elm. 24 elm. 48 elm.

S̄3
1 S4

1 S6
1 S̄3

1 S4
1 S6

1 S̄3
1 S4

1 S6
1

1.156 1.120 1.245 1.003 1.011 1.007 1.000 1.001 1.000
1.176 1.127 1.245 1.003 1.011 1.007 1.000 1.001 1.000
1.175 1.150 1.266 1.002 1.012 1.006 1.000 1.001 1.000
1.183 1.150 1.278 1.002 1.012 1.006 1.000 1.001 1.000

Table 11: Laminate composite cylinder: first 4 normalized buckling loads with C2 interpolation.

(a) mode 1

(b) mode 3

(c) mode 2

(d) mode 4

Figure 13: Laminate composite cylinder: first 4 buckling modes.
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Figure 14: Laminate composite cylinder: equilibrium path using a 24 × 96 mesh
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5. Summary and conclusions

The failure of slender composite shell structure is often dominated by buckling, while the material
behavior is purely elastic. In this context, the Koiter method, which is a numerical formulation of Koiter’s
theory of elastic stability, represents a reliable and efficient tool of analysis. While standard path-following
analyses solve the nonlinear equations of the discretized structure using all the discrete DOFs, the Koiter
method uses a discretization technique just for the construction of a reduced model based on the first
buckling modes, the corresponding corrective modes and the associated strain energy variations. Only the
reduced nonlinear equations in a few unknowns, that is the modal amplitudes and the load factor, are then
solved in order to obtain the equilibrium path.

In this work, we explored the use of IGA for the evaluation of the reduced model ingredients. The
continuum shell problem was formulated in a Total Lagrangian way following the solid-shell concept, which
makes it possible to avoid the use of finite rotations employing a simple Green Lagrange strain measure. The
same interpolation was used for the geometry and displacement field. In particular, NURBS functions were
employed for the middle surface quantities, obtained by refining those provided directly by a CAD model.
Apart from the exact geometry, these highly continuous functions seem very suitable in approximating the
deformed configuration of buckling problems. To maintain a low number of DOFs, a linear interpolation
was adopted through the thickness of the shells. A modified generalized constitutive matrix was defined
to prevent thickness locking and to make it easy to consider multi-layered composites. Path-wise reduced
integrations were investigated to handle interpolation locking and to reduce the number of integration points.
The mixed integration point strategy was used to re-write the displacement-based model into a mixed (stress-
displacement) one, which has been shown to be more accurate and efficient in Koiter analyses. In particular,
this approach makes it possible to avoid the evaluation of the fourth order strain energy variations, usually
required to build the reduced order model.

The proposed numerical framework was tested in the analysis of common thin-walled composite structures
under compression: plates, curved panels and cylinders. The results showed that the isogeometric model is
able to furnish an excellent approximation of the buckling loads, the limit loads and the initial post-buckling
behavior employing a very low number of DOFs coupled with the reduced number of integration points,
which further increases the efficiency of the analysis. In particular the C1-S̄2

0 and C2-S̄3
1 approaches proves

to be convenient because it requires just one integration point per element without spurious modes.
The resulting numerical tool is an efficient approach for the design of slender composite shells. Future

developments will investigate its use in the optimization process of the layup.
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[38] G. Garcea, L. Leonetti, D. Magisano, R. Gonçalves, D. Camotim, Deformation modes for the post-critical analysis of thin-
walled compressed members by a Koiter semi-analytic approach, International Journal of Solids and Structures 110-111
(2017) 367–384. doi:10.1016/j.ijsolstr.2016.09.010.

[39] J. Caseiro, R. Valente, A. Reali, J. Kiendl, F. Auricchio, R. Alves de Sousa, Assumed natural strain NURBS-based
solid-shell element for the analysis of large deformation elasto-plastic thin-shell structures, Computer Methods in Applied
Mechanics and Engineering 284 (2015) 861–880. doi:10.1016/j.cma.2014.10.037.

[40] R. Echter, B. Oesterle, M. Bischoff, A hierarchic family of isogeometric shell finite elements, Computer Methods in Applied
Mechanics and Engineering 254 (2013) 170–180. doi:10.1016/j.cma.2012.10.018.

[41] R. Bouclier, T. Elguedj, A. Combescure, Efficient isogeometric NURBS-based solid-shell elements: Mixed formulation and
B-method, Computer Methods in Applied Mechanics and Engineering 267 (2013) 86–110. doi:10.1016/j.cma.2013.08.002.

[42] G. Garcea, G. Salerno, R. Casciaro, Extrapolation locking and its sanitization in Koiter’s asymptotic analysis, Computer
Methods in Applied Mechanics and Engineering 180 (1-2) (1999) 137–167.

[43] K. Sze, W. Chan, T. Pian, An eight-node hybrid-stress solid-shell element for geometric non-linear analysis of elastic
shells, International Journal for Numerical Methods in Engineering 55 (7) (2002) 853–878. doi:10.1002/nme.535.

[44] D. Magisano, L. Leonetti, G. Garcea, How to improve efficiency and robustness of the Newton method in geometrically
non-linear structural problem discretized via displacement-based finite elements, Computer Methods in Applied Mechanics
and Engineering 313 (2017) 986 – 1005. doi:http://dx.doi.org/10.1016/j.cma.2016.10.023.

[45] S. Hosseini, J. J. C. Remmers, C. V. Verhoosel, R. de Borst, An isogeometric solid-like shell element for nonlinear analysis,
International Journal for Numerical Methods in Engineering 95 (3) (2013) 238–256. doi:10.1002/nme.4505.
URL http://dx.doi.org/10.1002/nme.4505

[46] S. Klinkel, F. Gruttmann, W. Wagner, Continuum based three-dimensional shell element for laminated structures, Com-
puters and Structures 71 (1) (1999) 43–62. doi:10.1016/S0045-7949(98)00222-3.

[47] M. Schwarze, S. Reese, A reduced integration solid-shell finite element based on EAS and the ANS concept: Large defor-
mation problems, International Journal for Numerical Methods in Engineering 85 (3) (2011) 289–329. doi:10.1002/nme.

[48] J. F. Caseiro, R. A. F. Valente, A. Reali, J. Kiendl, F. Auricchio, R. J. Alves de Sousa, On the Assumed Natural Strain
method to alleviate locking in solid-shell NURBS-based finite elements, Computational Mechanics 53 (6) (2014) 1341–1353.
doi:10.1007/s00466-014-0978-4.

[49] L. Leonetti, F. Liguori, D. Magisano, G. Garcea, An efficient isogeometric solid-shell formulation for geometrically
nonlinear analysis of elastic shells, Computer Methods in Applied Mechanics and Engineering 331 (2018) 159–183.
doi:10.1016/j.cma.2017.11.025.

[50] W. T. Les Piegl, The NURBS book, 1997. doi:10.1007/978-3-642-59223-2.
[51] R. Bouclier, T. Elguedj, A. Combescure, Efficient isogeometric nurbs-based solid-shell elements: Mixed for-

mulation and -method, Computer Methods in Applied Mechanics and Engineering 267 (2013) 86 – 110.
doi:https://doi.org/10.1016/j.cma.2013.08.002.

[52] R. Echter, B. Oesterle, M. Bischoff, A hierarchic family of isogeometric shell finite elements, Computer Methods in Applied
Mechanics and Engineering 254 (2013) 170–180. doi:10.1016/j.cma.2012.10.018.

[53] F. Maurin, F. Greco, W. Desmet, Isogeometric analysis for nonlinear planar pantographic lattice: discrete and continuum
models, Continuum Mechanics and Thermodynamicsdoi:10.1007/s00161-018-0641-y.
URL https://doi.org/10.1007/s00161-018-0641-y

[54] S. G. Castro, R. Zimmermann, M. A. Arbelo, R. Degenhardt, Exploring the constancy of the global buckling load after a
critical geometric imperfection level in thin-walled cylindrical shells for less conservative knock-down factors, Thin-Walled
Structures 72 (2013) 76 – 87. doi:http://dx.doi.org/10.1016/j.tws.2013.06.016.

[55] D. Magisano, K. Liang, G. Garcea, L. Leonetti, M. Ruess, An efficient mixed variational reduced-order model formulation
for nonlinear analyses of elastic shells, International Journal for Numerical Methods in Engineering 113 (4) (2018) 634–655.
arXiv:https://onlinelibrary.wiley.com/doi/pdf/10.1002/nme.5629, doi:10.1002/nme.5629.
URL https://onlinelibrary.wiley.com/doi/abs/10.1002/nme.5629

26


