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ABSTRACT 

The benefit of introducing nonlinear stiffness elements to improve the dynamic performance of 

vibration energy harvesters, vibration isolators and vibration absorbers have attracted great attention 

in the recent literature. A simple adjustable device to tailor nonlinear stiffness for diverse 

engineering applications is thus proposed in this paper. The device adopts two pairs of linear 

oblique springs, whose geometric arrangement can be modified to achieve specific nonlinear force-

displacement characteristics. Depending on its design configuration, it is able to be adapted and 
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behave as linear, hardening, softening, quasi-zero stiffness for large deflections, quasi-zero stiffness 

for small deflections, bi-stable and tri-stable. The design strategy and the main parameters involved 

are discussed.  

  

KEYWORDS: Vibration energy harvester; vibration isolator; nonlinear energy sink; vibration 

absorber; quasi-zero stiffness; negative stiffness. 

 

1 INTRODUCTION 

Nonlinear stiffness, achieved by mechanical elements exhibiting a nonlinear force-displacement 

characteristic, has been extensively introduced on purpose into dynamical systems, to improve their 

performance, or make them lighter and compact [1]. Examples may be found in 

vibration energy harvesting [2,3], vibration isolation [4,5] vibration absorption [6,7], shock 

isolation [8]. Nonlinear force-displacement relationships have also been reported in nature and in 

biological systems. For example, the force–length relation of skeletal muscles [9], the elastic energy 

storage in hopping kangaroos [10], the jumps in humans [11], the prey capture mechanism in toads 

[12]. These have inspired pioneering engineering structures mimicking the fundamental behaviour, 

as for example discussed in [13,14,15]. 

Usually, nonlinear stiffness is achieved by the combination of positive and negative stiffness 

elements in parallel. The archetypal smooth and discontinuous oscillator with irrational nonlinearity 

[16-19] is an example of such combination, where the typical phenomenon is the dynamics 

transition from smooth to discontinuous depending on the smooth changing of a geometrical 

parameter.  

Several application examples have been reported where nonlinear behaviour has been realised using 

different means, such as geometric arrangement of linear springs [20-24], combination of linkages 

and springs [25,26], X-shaped or scissor-like structures [27,28], magnets [29,30], buckling beams 

[31,32] and compliant structures [33,34]. 



Among the different types of nonlinear force-displacement curves, the following behaviours have 

been exploited for good use in engineering applications: quasi-zero stiffness, hardening or softening 

nonlinearity, softening-hardening stiffness, bi-stability and tri-stability. 

Quasi-zero stiffness behaviour for small displacements has been used to design vibration isolators 

[13,35,36], and essentially nonlinear devices, such as energy sinks and vibration absorbers 

[30,37,38]. Predominantly hardening behaviour has been used to design energy harvesters [39], 

tuned mass dampers [40,41] and vibration neutralisers [42]. Predominantly softening behaviour has 

been used for energy harvesters [43] and mass dampers [40]. Softening-hardening behaviour, 

exhibiting quasi-zero stiffness (i.e. constant force) for large deflections, has been used in vibration 

isolators [44], to enlarge the elastic potential energy in catapults [45], or to realize soft gripping for 

robotic applications [46]. Bi-stable force-displacement characteristics [47] have been exploited for 

energy harvesting [48], micro-air vehicles [49], and also for vibration isolation [50]. The tri-stable 

force-displacement characteristic has been more recently exploited for energy harvesting, since it 

offers more probability for inter-well oscillations respect to bi-stable oscillators, even under low 

level excitation [2,20,51]. 

Nonetheless, classical linear springs are still an optimal mean in those cases where the source of 

vibration is predominately harmonic, as for example in harvesting energy from passing trains 

[52,53] or absorbing vibration at a troublesome resonance [54]. 

Usually, to meet required specifications, a design strategy is adopted to determine the system 

parameters, which then remain fixed during working conditions. Although some degree of tuning 

could be possible by adaptively modifying some of the system parameters (e.g. spring stiffness, 

magnets spacing, magnetic flux density), a large qualitative and quantitative change in the overall 

stiffness characteristic may not be practically attainable. Introducing additional mechanical 

elements into the system would increase the number of design parameters that can be changed in 

order to increase the degree of tuning, however this would involve making the device less robust 

and compact.  



Customizing nonlinear stiffness would be attractive to better meet desired force-displacement 

characteristics, and recently, translating cam-like profiles have been proposed and investigated for 

such purposes [55]. Although this is a very smart strategy to tailor nonlinear stiffness at the design 

stage, it does not solve the issue of making the device adjustable during operation, as a specific cam 

profile cannot be easily changed during working conditions.  

To overcome such limitation, this paper presents a study where a specific spring configuration is 

adopted, which is prone to be easily and adaptably changed during operation, according to the 

desired need. The proposed device is mechanically robust, since consisting of few mechanical 

components, extremely compact and thus reliable. It can be easily applied to vibration energy 

harvesting, vibration isolation, and vibration absorption, even in presence of large variations of 

working environment and operating conditions. 

By acting on one single control parameter only, different qualitative and quantitative shapes of the 

force-displacement curve, and thus the stiffness, can be effectively realised: quasi-linear, hardening, 

softening, quasi-zero, softening-softening-hardening, softening-constant-hardening, softening-

hardening-hardening, bi-stable and tri-stable characteristics can be achieved. Such property makes 

the proposed device suitable for different design purposes and applications, or even adaptable to 

different needs over time. 

Following this introduction, Section 2 presents the fundamental unit of the system and its 

mathematical modelling, focusing on the different shapes of the force-displacement characteristics 

that can be obtained. Section 3 illustrates one of the simplest possible way to mechanically realise 

an adjustable oscillator, and Section 4 investigates the dynamic behaviour of the oscillator in the 

different configurations. Section 5 finally draws the conclusion of this work.   

 

2 SYSTEM MODELING  

The model of the oscillator proposed in this work is illustrated in Figure 1, in its static equilibrium 

configuration. It consists of a mass m, supported by a vertical linear spring of stiffness kv. A set of 



four symmetrical linear springs of stiffness k, arranged in an oblique configuration, are introduced 

to tailor the global force-deflection characteristic. An equivalent linear viscous damper c is 

introduced to model dissipative effects for dynamic purposes. The geometrical parameters that can 

be adjusted, thus modifying the stiffness characteristics, are a and b, which are labelled in Figure 1. 

The oscillator is supposed to be excited at its base by an imposed displacement y. 

 

Figure 1. Model of the oscillator under study 

 

The relation between the relative displacement z and the restoring static force f is given by  
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where l0 is the free length of the oblique springs.  

It is then convenient to normalize Eq. (1) by the length l0 and the vertical stiffness kv, to yield 

 
2 2 2 2

1 1ˆ ˆ ˆ ˆˆ ˆ ˆ2 ( ) 1 ( ) 1
ˆ ˆˆ ˆˆ ˆ( ) ( )

f z k a z a z
b a z b a z

    
    = + − − − + + −
    + − + +    

 (2) 

where 0
ˆ

vf f l k=  is the non-dimensional force, 0ẑ z l=  is the non-dimensional displacement, and 

0 0
ˆ ˆˆ, ,vk k k a a l b b l= = =  are the fundamental non-dimensional key-parameters. 



The nonlinear stiffness of the system can be obtained by taking the first derivative of Eq. (2) to 

yield 
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while the second derivative of Eq. (2) provides information about the curvature of the force-

displacement curve, and it is given by 
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It can be seen that the limit of Eq.(3) for large displacement is given by 
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while Eq. (4) reduces to zero in the same limit, meaning that for very large displacement, the 

equivalent stiffness has a linear trend, with stiffness given by Eq. (5). 

  

The stiffness at initial displacement, ˆ 0z = , can be determined by a Taylor series approximation to 

give 
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which can be solved to zero in terms of â  to yield 
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Equation (7) gives the relation among the non-dimensional key-parameters to achieve a Quasi-Zero-

Stiffness (QZS) behaviour at small deflections, and thus provides the limiting condition between 



positive and negative initial stiffness. In particular, when 1
ˆ 0k   then the system will be statically 

unstable at ˆ 0z = . Equation (7) is plotted in Figure 2 as a solid line for ˆ 1k = . 

 

When the relative displacement increases, the nonlinear force-displacement curve will also be 

influenced by the higher terms in the Taylor series expansion. Due to the assumed symmetry of the 

force-displacement curve, the smaller non-zero term other than the first, given by Eq. (6), is the 

third and it is given below as  

 
( )

( )

2 2 2

3 7/2
2 2

ˆ ˆ ˆˆ2 4
ˆ

ˆˆ

b a b k
k

a b

− +
=

+

 (8) 

For the force-displacement curve to exhibit a hardening behaviour it should then be 1
ˆ 0k   and 

3
ˆ 0k  . Thus equating Eq.(8) to zero gives the limiting condition as 
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which is linear and plotted in Figure 2 as a dotted line. 

 

Figure 2. Different regions in the parameters plane achieving different behaviours in the force-

displacement curve for ˆ 1k = . I: hardening, II: softening-hardening-hardening, III: softening-

softening-hardening, IV: tri-stable, V: bi-stable. 



 

The spring arrangement in Figure 1, can also achieve a QZS for relatively large deflections, i.e. a 

softening-constant-hardening behaviour. The condition to realise such behaviour can be determined 

by simultaneously solving Eq. (3) and Eq. (4) set to zero. It was not possible to find a usable closed-

form expression for such solution, so a numerical one was obtained. To better visualize such 

solution, this is pictorially illustrated in Figure 3(a) as the point of intersection (black dot) between 

the curves in Eq. (3) (solid lines) and in Eq. (4) (dash-dotted lines), for different values of the 

displacement where QZS is achieved, 
QZSẑ . Such condition is plotted in Figure 2 as a dash-dotted 

line. 

To find the limit for tri-stability, this is determined by simultaneously solving Eq. (2) and Eq. (3) 

set to zero, for different values of the displacement, TRIẑ , which satisfies such conditions. Also in 

this case, it was not possible to find a usable closed-form expression, and a numerical solution was 

achieve, which is pictorially illustrated in Figure 3(b). Apart from the solutions indicated by the 

black dots in Figure 3, a trivial solution also exists for ˆ 0b = . 

The limit for tri-stability is plotted in Figure 2 as a dashed line. 

 

 



Figure 3. Pictorial representation of the condition for (a) softening-constant-hardening behaviour, 

and (b) tri-stabilty, in the parameters plane for ˆ 1k = . Solid lines correspond to Eq. (3), dash-dotted 

lines correspond to Eq. (4), dash lines correspond to Eq. (2), all set to zero. The black dots indicate 

the intersection points, and different line thickness denote different solutions: in (a)

QZS 0.1, 0.3, 0.6, .9ˆ  0z =  from thicker to thinner; in (b) TRI 0.2, 0.5ˆ , 0.7z =  from thicker to thinner. 

 

It can be then seen that all curves in Figure 2 intersect at a point C. The coordinates of this point in 

the parameters plane can be determined by substituting Eq. (9) into Eq. (7) set to zero, to yield 
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Point C is indicated in Figure 2 by a black circle. 

It can be noted that point C is a function of the non-dimensional stiffness only, and for very large 

values reaches the limit given below as 
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How the coordinates of point C vary with the non-dimensional stiffness are illustrated in Figure 4. 

 

 



Figure 4. Coordinates of point C: (a) in the parameters plane and (b) as function of k̂ . In (a) the thin 

solid line identifies the diagonal for reference, the thick solid line identifies the trajectory of point C 

as the non-dimensional stiffness increases, and the star identifies the limit in Eq.(11). In (b) thick 

solid (dashed) line indicates the horizontal (vertical) coordinates of point C, the thin dash-dotted 

(dashed) line indicates the asymptotic trend of Eq. (11). 

 

To visualize the shape of the force-displacement curves on the four boundaries depicted in Figure 2, 

they are illustrated in Figures 5(a-d), for different combinations of the geometric parameters and for 

ˆ 1k = . In particular, Figure 5(a) shows the case where geometric parameters are chosen along the 

solid line in Figure 2, Figure 5(b) shows the case where they are chosen along the dotted line in 

Figure 2, Figure 5(c) shows the case where they are chosen along the dash-dotted line in Figure 2, 

and Figure 5(d) shows the case where they are chosen along the dashed line in Figure 2. In all 

figures, the thin dashed line denotes the limit given by Eq. (5).  

Figure 5(a) shows that when b̂  is relatively small, the QZS behaviour for small deflection is 

followed by a region with negative stiffness. A hardening behaviour then manifests for higher 

values of b̂ . Figure 5(b) shows that, within the considered range of displacements, the hardening 

effect decreases as b̂  increases, eventually leading to a quasi-linear behaviour. Figure 5(c) shows 

the QZS behaviour at relatively large deflections when the corresponding displacement, 
QZSẑ , is 

increased. Figure 5(d) shows the limiting condition for a tri-stable behaviour, when the 

displacement at which this condition is achieved, TRIẑ , is increased. 



 

Figure 5. Force-displacement curves for different combinations of the geometric parameters and 

ˆ 1k = . (a) C
ˆ0.2, 0.3, , .7ˆ 0 5bb = , (b) C

ˆ ,  0.7, 0.8, .0 ˆ 1bb = , (c) 0.09, 0.5, 0.7, .9ˆ  0QZSz = , (d) 

0.09, 0.6, 0.7, 75ˆ 0.TRIz = . The thin dashed line denotes the limit given by Eq. (5). 

 

To validate the analytical findings reported above, numerical simulations are performed for 

different values of the non-dimensional stiffness, k̂ , and different combinations of the non-

dimensional geometric parameters, â  and b̂ . The exact force-displacement relation in Eq.(2) and 

its first and second derivative in Eq.(3) and Eq.(4), respectively, are then numerically examined and 

each different characteristic is reported in Figure 6 using different markers. Also, a region of quasi-

linear behaviour is numerically identified (and marked with small dots), where the stiffness has a 

relative deviation of less than 10%. 



It can be seen that the closed-form expressions derived above and plotted in Figure 2, characterize 

the fundamental behaviour of the suspension stiffness and match the numerical investigation.  

 



 

Figure 6. Numerical solutions of the force-displacement curves in the parameters plane for  (a) 

ˆ 0.5k = , (b) ˆ 1k =  (c) ˆ 1.5k = . Hardening behaviour (circles), softening-hardening-hardening 

behaviour (stars), softening-softening-hardening behaviour (squares), tri-stable behaviour 

(diamonds), bi-stable behaviour (asterisks), quasi-linear behaviour (dots). 



3 MECHANICAL IMPLEMENTATION  

Different mechanisms may be synthesised and incorporated into an adjustable device able to 

actively or adaptively modify the geometry of the oscillator, and thus changing its stiffness 

characteristic according to the needs. Among all the possible designs, perhaps, one of the simplest 

and most compact is illustrated in Figure 7. In particular, Figure 7(a) illustrates a computer aided 

design (CAD) model of the system, and Figure 7(b) overlaps the wireframe of the CAD model to 

the parameter regions identified in Section 2 and illustrated in Figure 6(b). The symmetric and 

synchronised adaptation of the parameters is achieved by using pairs of meshing gears, which are 

then driven by the single rotation of one of them, i.e. the control parameter  . The outer spring 

attachments are located at a normalized parametric distance ĉ , which is labelled in Figure 7(b) 

along with control parameter  . The specific configuration illustrated in Figure 7 shows the case 

where the non-dimensional distance among the wheel centres is 1 and the normalized distance ĉ  is 

0.25. Such values are arbitrarily selected to illustrate the case where all the six regions are 

achievable with the adjustment of the control parameter. 

 

Figure 7. Mechanical implementation of the adjustable device: (a) CAD model, (b) wireframe 

model overlapped to the regions in the non-dimensional parameters plane. 

 



Although different dimensioning may be achieved or optimized for the specific need, Figure 7(b) 

clearly shows how all the six regions may be achieved by a simple rotation of one wheel only. To 

better illustrates such a case, Figure 8 shows a tri-dimensional plot where the force-displacement 

curve in the ˆẑ f−  plane varies with the angle of rotation  , which is assumed to be zero in the 

configuration illustrated in Figure 7(b), and it is measured anti-clockwise on the upper-right wheel.  

In particular, Figure 9 to Figure 15 illustrate seven different configurations of the specific 

mechanism in Figure 7, and the corresponding force-displacement curves that can be achieved. The 

thin dashed lines in (b) denote the asymptotic trend, and the dots indicate the stable equilibrium 

points. An animation is also reported as a supplementary material in Appendix A. 

 

 Figure 8. Force-displacement curve as a function of the rotation of one wheel from 0 to 2. 



 

Figure 9. (a) Mechanism configuration and (b) force-displacement curve for 1.1 = − . 

 

Figure 10. (a) Mechanism configuration and (b) force-displacement curve for 0.5 = − . 

 

Figure 11. (a) Mechanism configuration and (b) force-displacement curve for 0.4 = . 



 

Figure 12. (a) Mechanism configuration and (b) force-displacement curve for 1.9 = . 

 

Figure 13. (a) Mechanism configuration and (b) force-displacement curve for 3.0 = . 

 

Figure 14. (a) Mechanism configuration and (b) force-displacement curve for 3.6 = . 



 

Figure 15. (a) Mechanism configuration and (b) force-displacement curve for 4.6 = . 

 

 

 

4 DYNAMIC SIMULATIONS  

In this section, the proposed system dynamics is analysed in term of the frequency response curve. 

To this end, the equation of motion of the oscillator in Figure 1 is reported below as 

 mz cz f my+ + = −  (12) 

where f is given by Eq. (1) and overdots indicates derivation respect to time t. Equation (12) can be 

conveniently rewritten in the following non-dimensional form, by assuming cos[ ]y Y t= , 
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where primes denote derivation respect to the non-dimensional time 0t =  , in which 

0 0
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vk k m =  and 0k̂ is given in Eq. (5), 02c m = is the damping ratio, f̂  is given by Eq. (3), 

0  =  is the non-dimensional frequency, and 2ˆ ˆA Y=   is the non-dimensional amplitude of the 

base acceleration, in which 0Ŷ Y l= . Considering a constant amplitude acceleration is a practical 

assumption particularly when dealing with vibration energy harvesting [20] . 



In order to find usable approximate closed-form expressions for the frequency response curve, the 

non-dimensional force f̂  in Eq. (3) is approximated by a polynomial relation. 

Although different studies have used classical Taylor series expansion around the static equilibrium 

configuration for relative small displacements, in the case reported in this paper, it was found that 

such an approximation was not enough and reliable to capture all the different stiffness 

characteristics for the whole range of geometrical parameters variation, in particular for large 

displacement values, i.e. up to ˆ 1z = .  An odd 13-th order polynomial function of the displacement 

proved to capture the exact force-displacement curves satisfactorily. The need to go up to the 13-th 

term was motivated by the fact that seven boundary conditions were used, i.e. (i) the stiffness at 

zero displacement is set equal to that given by Eq.(6), the force, its first and second derivative are 

set equal to the corresponding exact one at (ii-iv) full-span ( ˆ 1z = ) and (v-vii) half-span ( ˆ 0.5z = ), 

respectively.  

Equation (3) is then approximated by 
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where the polynomial coefficients are reported in Appendix B. 

By assuming a solution to the equation of motion, which is symmetric and predominately harmonic 

as ˆˆ cos[ ]z Z  =  +  where   is the phase shift between the excitation and the response, applying 

the harmonic balance method, results in 

  2 ˆˆ ˆ cosZ ZG A − + =  (15) 

  ˆˆ2 sinZ A  =  (16) 

Squaring and adding Eqs. (15) and (16) gives the following relation between the displacement 

amplitude and frequency 
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It is noted that the amplitude-frequency equation in Eq.(17) is quadratic in 2 , and can be thus 

conveniently solved, to determine  as a function of Z. The steady-state dynamic response in terms 

of the frequency response curve follows a backbone, i.e. the unforced and undamped response, 

which is given by Eq. (15) as backbone G =  

To limit the dynamic response at resonance, it is interesting to determine the relation among the 

damping ratio, the base excitation and the displacement response amplitude. This can be obtained 

from Eq.(16), when 2 = , and using the expression for the backbone curve, to give  
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To limit the oscillator response within the range of the displacements used to plot the static curves 

in Sections 2 and 3, the amplitude response at resonance is set to 1, which gives 
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Figure 16(a) shows a tri-dimensional plot where the frequency response curves in the Ẑ−  plane 

varies with the angle of rotation  . Figure 16(b) shows the view on the Ẑ −  plane. In both 

figures, the grey contour indicates that the frequency response curve crosses the axis at 0= . 



 

Figure 16. Frequency response curve as a function of the rotation   of one wheel. (a) 3D view, (b) 

view on the Ẑ −  plane. 

 

The details of the frequency response curves, corresponding to the parameters of the actual 

mechanism, are presented in Figure 17 to Figure 23. In particular, parts (a) show the force-



displacement curve of the exact solution (solid line), the 13-th order polynomial approximation 

(thick dashed line) and 13-th order Taylor series approximation (thin dashed line). Parts (b) show 

the corresponding frequency response curve, where the response to a slow sweep-up and sweep-

down are superimposed for validation. The backbone curve (thin dashed line) and the static 

equilibrium configurations (thin dash-dotted lines) are also indicated. 

It can be clearly seen that a 13-th order Taylor series expansion fails to approximate the exact curve 

for large displacements. For completeness, the coefficients of the Taylor series expansion are 

reported in Appendix C. On the other hand, the polynomial expression in Eq. (14) captures 

relatively well all the different shapes of the force-displacement curves. The dynamic numerical 

simulations, performed using the exact force-displacement curve for the slow sweeps, show that the 

approximate frequency response curve are well captured, as well as the jump-up and jump-down 

frequencies.  

For the case with tri-stable characteristic shown in Figure 22, an evident cross-well motion 

manifests up to the jump-down frequency, i.e. around 0.4 = , both in the sweep-up and sweep-

down. For about 0.5  , oscillation occurs around the stable static equilibrium solution at ˆ 0Z = . 

For the bi-stable characteristic shown in Figure 23, the assumed symmetric solution follows the 

frequency response curve up to the jump-down frequency again, at about 0.4. An evident cross-well 

motion manifests up to about 0.6. For higher frequencies, the oscillation evolves towards one of the 

two stable static equilibrium solutions, indicated by the upper and lower horizontal dash-dotted 

lines.. 

Since the aim of this paper is to show how the achieve different force-displacement curves with one 

mechanical device only, it is out of the scope of this study to investigate in further detail the 

dynamics of bi-stable and tri-stable oscillators, and the interested reader is directed to [2] for an 

insight. 

 



 

Figure 17. System response for 1.1 = − . (a) Normalized force-displacement curve of exact (thick 

solid line), actual polynomial (thick dashed line) and Taylor polynomial (thin dashed line) solution. 

Small circles denote static equilibrium configurations. (b) Frequency response curve with stable 

(thick solid lines) and unstable (thick dashed lines) branches, backbone curve (thin dashed line), 

static equilibrium configuration (thin dash-dotted line, sweep-up (thin lighter/cyan line), and sweep-

down (thin darker/magenta line). 

 

Figure 18. System response for 0.5 = − . (a) Normalized force-displacement curve of exact (thick 

solid line), actual polynomial (thick dashed line) and Taylor polynomial (thin dashed line) solution. 

Small circles denote static equilibrium configurations. (b) Frequency response curve with stable 

(thick solid lines) and unstable (thick dashed lines) branches, backbone curve (thin dashed line), 

static equilibrium configuration (thin dash-dotted line, sweep-up (thin lighter/cyan line), and sweep-

down (thin darker/magenta line). 



 

Figure 19. System response for 0.4 = . (a) Normalized force-displacement curve of exact (thick 

solid line), actual polynomial (thick dashed line) and Taylor polynomial (thin dashed line) solution. 

Small circles denote static equilibrium configurations. (b) Frequency response curve with stable 

(thick solid lines) and unstable (thick dashed lines) branches, backbone curve (thin dashed line), 

static equilibrium configuration (thin dash-dotted line, sweep-up (thin lighter/cyan line), and sweep-

down (thin darker/magenta line). 

 

Figure 20. System response for 1.9 = . (a) Normalized force-displacement curve of exact (thick 

solid line), actual polynomial (thick dashed line) and Taylor polynomial (thin dashed line) solution. 

Small circles denote static equilibrium configurations. (b) Frequency response curve with stable 

(thick solid lines) and unstable (thick dashed lines) branches, backbone curve (thin dashed line), 

static equilibrium configuration (thin dash-dotted line, sweep-down (thin lighter/cyan line), and 

sweep-up (thin darker/magenta line). 



 

Figure 21. System response for 3.0 = . (a) Normalized force-displacement curve of exact (thick 

solid line), actual polynomial (thick dashed line) and Taylor polynomial (thin dashed line) solution. 

Small circles denote static equilibrium configurations. (b) Frequency response curve with stable 

(thick solid lines) and unstable (thick dashed lines) branches, backbone curve (thin dashed line), 

static equilibrium configuration (thin dash-dotted line, sweep-down (thin lighter/cyan line), and 

sweep-up (thin darker/magenta line). 

 

Figure 22. System response for 3.6 = . (a) Normalized force-displacement curve of exact (thick 

solid line), actual polynomial (thick dashed line) and Taylor polynomial (thin dashed line) solution. 

Small circles denote static equilibrium configurations. (b) Frequency response curve with stable 

(thick solid lines) and unstable (thick dashed lines) branches, backbone curve (thin dashed line), 

static equilibrium configuration (thin dash-dotted line, sweep-down (thin lighter/cyan line), and 

sweep-up (thin darker/magenta line). 



 

Figure 23. System response for 4.6 = . (a) Normalized force-displacement curve of exact (thick 

solid line), actual polynomial (thick dashed line) and Taylor polynomial (thin dashed line) solution. 

Small circles denote static equilibrium configurations. (b) Frequency response curve with stable 

(thick solid lines) and unstable (thick dashed lines) branches, backbone curve (thin dashed line), 

static equilibrium configuration (thin dash-dotted line, sweep-down (thin lighter/cyan line), and 

sweep-up (thin darker/magenta line). 

 

5 CONCLUSIONS 

In this study, a mechanical device able to realise different nonlinear force-displacement 

characteristics is conceptualised and analysed. The device is simple and compact, and its geometry 

can be adapted on purpose to achieve qualitatively different stiffness behaviours. Examples are 

provided as quasi-zero stiffness for small deflections, hardening and softening nonlinearity, 

softening-hardening behaviour, quasi-zero stiffness for large deflections, bi-stable and tri-stable 

characteristics. A theoretical investigation has been performed which revealed the fundamental 

issues and the design strategy. Analytical expressions for static and dynamic performance are 

analysed and validated by numerical simulations. The device enables engineers to exploit the most 

convenient characteristic and even adaptively change it over time to accomplish different needs. 

Potential applications are foreseen for vibration energy harvesting, vibration isolation, nonlinear 

energy sink, shock isolation, snap-through systems, robotic soft-grippers, and elastic potential 

energy storage and release. 
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APPENDIX A. Supplementary data 

A supplementary animation provided for this article can be found online. 

 

APPENDIX B. Polynomial coefficients 

The force, its first and second derivative reported in Eq.(2), Eq.(3) and Eq.(4), respectively, are 

evaluated at full-span, ˆ 1z = , and half-span, ˆ 1 2z = , to give 
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The polynomial expression in Eq. (14) is then used with the first condition given by Eq. (6), i.e.  

1 1
ˆk k= , and the following linear system of six equations is obtained 
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which is solved for the six unknown coefficients, the to give 
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APPENDIX C. Taylor series coefficients 

Expanding Eq. (2) in Taylor series for small deflections up to the 13-th order results in 
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