EXISTENCE AND REGULARITY FOR A GENERAL CLASS OF
QUASILINEAR ELLIPTIC PROBLEMS INVOLVING THE
HARDY POTENTIAL
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ABSTRACT. In a very general quasilinear setting, we show that the regularizing
effect of a first order term causes the existence of energy solutions for problems
involving the Hardy potential and L! data. In the same setting we study sharp
(local and global) integral estimates for the second derivatives of the solutions.

1. INTRODUCTION

The aim of this paper is to study the existence and regularity of positive weak
solutions to the nonlinear quasilinear elliptic equation

q
—div (A(|Vu|)Vu) + B(|Vu|) = 19‘1;? Yf mQ,
w>0 in Q, (1.1)
u=20 on 09},

where Q is a smooth bounded domain in RY,0€ Q,9 > 0,p < (1,N), ¢ € (p—1,p),
f>0and f e LY(DQ).
The real function A : RT — R* is assumed to be of class C'(RT) and fulfills the
following assumptions

e ¢+ tA(t) is an increasing function; (1.2)
e 3K > 1:Vn e RY with [n| > K, [A(jn))n| < e1lnP~Y; (1.3)
o i, € RN [A(lnl)n — Al D'} - [n — ') = callnl + [0 )P *ln =02 (14)

We set R := R+ U {0}. The real function B: R — R is of class C}(R") and it
satisfies

o B(0) = 0; (1.5)
e B(t) > o t? for some o > 0; (1.6)
e B'(t) < CtA(t) for some C > 0,Vt € R*. (1.7)

Let us start making explicit what we means by positive weak solution and stating
our main result:
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Definition 1.1. We say that u is a weak solution to
q
—div (A(|Vu])Vu) + B(|V(u)]) = 0% +f inQ,

if ue WyP(Q) and
q
/A(|Vu|)(Vu,ch)dx+/B(|Vu|)gadx:19/ u—gader/fgodx
Q Q o lz|P Q
Yo € WyP(Q) N L®().

Theorem 1.2. Let f € L*(2) a positive function; then for every ¥ > 0 there exists
a weak solution u € Wy (Q) to (1.1).

This result is proved in the Section 3.
Let us observe that one immediately recognized that the choices A(t) = t*=2 and
B(t) = tP leads to the supercritical problem

q
—div (|Vul|P"2Vu) + |VulP = 19|UW +f inQ,

x
u>0 in Q, (1.8)
u =0 on 012,

for which existence and qualitative properties are proved in [22]. Moreover taking
into account [2, 12, 13] we remark that our positive weak solutions are solutions
obtained as limits of approzimations (SOLA) and therefore (in our case) equivalent
to the entropy solutions.

The main elements of the proof are summarized in what follows.

e In order to prove the existence of a solution uy for the truncated problem

|2|P
we construct a sequence (wy,)nen of solutions to the problem

B(|Vw,)) (w2_1> .
— 7 =9T, T Q
1= 1BV T ) THE)

and we prove that (w,)nen Wy (Q)—converges to uy.

e We prove that the sequence (uy)ren of solutions of the family of truncated
problem weak converges in W,”(2) to a function u. This will imply the
WP () —convergence of T, (ug) to Ty, (u) uniformly on m and finally this
will permit to get an a.e.- pointwise convergence of Vuy to Vu.

e We prove that (ug)gen strongly converges to u and moreover that u is the
positive weak solution to our problem.

Solvability of Problem (1.1) already in the p—Laplacian case depends of the
position of the origin with respect to the domain. This is proved in [15, 23] for
p =2 and in [1, 21] for p > 1. It is proved in [1] that if the origin belongs to the
interior of € we have no solutions even in entropic sense; for this reason in [21]
the authors consider 0 € 0. In this case the existence of solutions turns to be
depending on the presence of the source and then on the geometry of the domain.

In this paper we consider 0 € 2 but the attendance of a suitable term involving
the gradient, leads a regularizing effect that permits to prove the existence of a
solution.
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The second part of the paper (developed in Section 4) is devoted to obtain some
summability properties of the gradient as well as the second derivatives of the
solutions of (1.1). In this section we need a further hypothesis on A(¢) that is

tA'(¢) tA'(t)
=: <My =

20 A@) A= AT AW

Therefore the main results of this section can be included in the following

Theorem 1.3. Assume 1 < p < N and that (1.2)-(1.4), (1.5)-(1.7) and (1.9) are

in force. Comsider u € C5%(Q\{0})NC?(Q\ (Z,U{0})) a solution to (4.3), where
f e wWhee(Q). We have

A 15
/ degc Vi=1,.., N
[ e m

< 400. (1.9)

for any E € Q\ {0} and uniformly for any y € E, with
C = C(V7mA7MAaﬁaha ||Vu||ooap)
foro<p<landy<(N—-2)if N>3 (v=0if N=2).

Moreover, if we also assume that €2 is a smooth domain and f is nonnegative in €,
we have that

12
/ wdxgc Vi=1,..,N.
a\(z.ufoy |7 =yl |uil

Here the set Z, represents the set of critical points of u and we refer the readers to
Section 3.2 for a discussion regarding the assumption u € C%(Q\ {0}) N C2(Q\
(Z,U{0})). Furthermore we emphasize that in all our regularity results we require

feWwhe(Q).

As a corollary of this result we will prove that the Lebesgue measure of 7, is
zero, as in the natural case of p—Laplacian.

Theorem 1.4. Assume 1 < p < N and that (1.2)-(1.4), (1.5)-(1.7) and (1.9) are
in force.

Let u € CH(Q\ {0})NC2%(Q\ (Z,U{0})) be a solution to (4.3) with f € W1>(Q)
and f(x) > 0 in Bay(zo) C 2\ {0}. Then

1 1
dr <C
/B,,(zo) (A([Vul))or [z —y|
—1 1
for any y € B,(x0), with o := §_2 ifp>2and a = mat if p € (1,2),

re(0,1),y<N—-2if N>3,v=04 N=2 and
C :C(’Y,'f],h,||vu||oo,p,$0,0é,MA,02,T, é)

If Q) is a smooth domain and f is nonnegative in )

1 1
de <C
/fz (A(Vul)or |z —y[7
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where Q € Q\ {0} and y € Q.

These results can be framed in the research topic introduced in [14]; here the au-
thors proved summability properties for the gradient and second derivative for pos-
itive solutions of p—Laplacian equations. The aim is obtain Sobolev and Poincaré
type inequalities in weighted Sobolev spaces with weight A(]Vu|) and to apply
them to the study of monotonicity and symmetry of solutions based on moving
plane method. Since then, these ideas have been exploited, developed and detailed
in many papers as [7, 17, 22] and much more. Our results can be easily compared
with those in [7, 17].

From Theorem 1.3 and 1.4, we obtain this result:

Theorem 1.5. Assume 1 < p < N and that (1.2)-(1.4), (1.5)-(1.7) and (1.9) are
in force. Let Q) be a smooth domain, u € C1(Q\ {0}) be a weak solution to (4.3),
f e Wh>(Q) and f nonnegative function. Then if 1 < p < 3, u; € Wlif(Q \ {0}),
while if p > 3 then u; € W,29(Q\ {0}), for every i = 1,....N and for every

loc

-1
q < ;LQ Moreover the generalized derivatives of u; coincide with the classical

ones, both denoted with u;; almost everywhere in Q.

The additional hypothesis (1.9) is well known and we can find it, for instance, in
[7,9,10, 11, 17]. Let us remark that our setting (1.3)-(1.4)-(1.9) on A(¢) is satisfied,
as for example, by A(t) = t*=2 + bt?2 with 1 < ¢ < p and b > 0; this particular
choice for the operator A(t) finds application to the study of double-phase equations
q
—div (|VuP~>Vu + b|Vul""2Vu) + B(|Vu|) =9— + f  in Q.

|z|?
2. PRELIMINARIES

In this section, briefly, we enclose some definitions, results and remarks that it
will be useful in the rest of the paper. From now on, in order to get a readable
notation, generic numerical constant will be denoted by ¢ and will be allowed to
vary within a single line or formula. Moreover, Moreover we denote with f* :=
max{f,0} and f~ := min{f,0}.

Remark 2.1. With respect to the setting (1.2)-(1.7), we observe that:
e If 7’ = 0, the inequality (1.4) becomes

A(|n)nl* > ealn”. (2.1)
Moreover, if n,n’ € RY, since |n —n'| < |n| + ||, by (1.4) it follows
[A(nDn = A(n'Dn']-In—n"l = colnp=n'|Pif p>2. (2.2)
e By (1.2), we get that

lim tA(t) < . 2.3
Jim tA(t) < too (2.3)

Then, if 0 < t < K there exists a constant Cx := C(K) > 0 such that
[tA(t)| < Ck. (2.4)

e By (1.2), (1.5) and (1.7), we have that for £ € [0, ¢]

B(t) = /0 t B'(s)ds < CteA(€) < C2A(t). (2.5)
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Definition 2.2. We say that u is a weak supersolution to Problem (1.1) if u €
WP () and
q
/A(|Vu|)(Vu,ch)dx+/B(|Vu|)<pda:2 19/ u—tpdlﬁ—i—/ foda
Q Q a lzlP Q
Vo € Wy (Q) N L2(Q), ¢ > 0.

We say that u is a weak subsolution if v € W, (Q) and

q
/ A(|Va])(Vu, Vi) dz +/ B(|Vul)pda < 19/ Y de +/ fodx
Q Q o lzP Q
Vo € Wy () N L®(Q), ¢ > 0.
A main tool will be the following

Lemma 2.3. (Hardy-Sobolev inequality) Suppose 1 < p < N and u € WIP(RN),

Then we have
|ul?

—dx < C Pd
/RN|I|p T < N’p/RN‘VM T

p
with Cyp = (NL_I) optimal and not achieved constant.

3. EXISTENCE OF AN ENERGY SOLUTION

3.1. Existence of solutions to the truncated problem.
In this subsection, we are going to study the existence of a solution uy € VVO1 P(Q)
to the truncated problem

— div(A(|Vug|)Vug) + B(|Vug|) = 9T (ﬁ%”) +Tx(f) inQ, (3.1)
where
Ti(s) = max{min{k, s}, -k}, Kk >0. (3.2)

We observe that, since (1.5) holds, ¢ = 0 is a subsolution to (3.1).
By [3, Theorem 4.1] and by classical Stampacchia argument, there exists a solu-
tion 1 € W, P(2) N L>°() to the following problem

—div(A(VY))VY) = Ok + Tp(f) in Q, 653
=0 on 0}, ’

that turns to be a supersolution to the problem (3.1). In fact, let ¢ € Wol’p(Q) N
L*>(Q) and ¢ > 0, we have

Vv

/ AV (e, Vo) da + / B(V|)pdx / AV (Yo, Vo) da
Q Q Q

P
19/9Tk (W)godx—l—/ﬂTk(f)gpdm

In order to prove the existence of solutions to the problem (1.1) is useful to
consider a sequence of approximated problems. We take as starting point wy = 0
and consider iteratively the problems

Y

:ﬁ/@kxpdx—i—/QTk(f)@dx
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: B(|Vw,|) wgq .
—div (A(|Vw,|)Vw,) + ——————— = ¥T; + T n €,
1v( <‘ v |) v ) 1+ %B(|an\) k |1;|p k(f) !

wy, =0 on 0N).
(3.4)
We observe that ¢ = 0 and the supersolution 1 to problem (3.1) are respectively
subsolution and supersolution to the problem (3.4).
Then, using the same argument in [5, Theorem 2.1], it can be proved the following:

Proposition 3.1. There exists w, € Wy (Q) N L>(Q) solution of the problem
(3.4). Moreover, 0 < w, <1 Vn €N.

Next, we prove the following theorem:

Theorem 3.2. There exists a positive solution to the problem

. uf .
— div(A(|Vur|)Vug) + B(|Vug|) = 9Ty (%) +Tu(f)  in Q.
Proof. We proceed in two steps.

Step 1: We show the weak convergence of {w, }nen in WyP(Q).
Let us set

H, (B(|Vw,|)) := %'

Considering that w, € W, () N L>(Q), we can take w, as a test function in the
approximated problems (3.4) obtaining

/A(|vmn\)|vu;n|2dx+/ H,(B(|Vw,|))w, dr
Q Q

w?
:ﬁ/Tk< n—1>wndx+/Tk(f)wndx
Q |z [P Q

gﬁ/kwndﬁ/fwndx§c<k7f,w,ﬁ,m
Q Q

where C(k, f,1,9,) is a positive constant.
Since H,,(B(|Vwy|)) is a positive function, from inequality (2.1), we have that

o [ IVunPde < [ AQVu)IVu*do < Clh fo,0.9). (39
Q Q
Then |lwy [[yy1.»(g) is uniformly bounded so, up to a subsequence, we have that
w, — G in WyP(Q) and w, — @ in LP(1),
wni\ ug in L*(Q).

We observe that u, = u: in fact, by definition of weak and weak-* convergence we
get that

/wnapdm novteo, U dx V@ELPI(Q)
Q Q

/ Wy dx oo, uppdr Vo € L(Q)
Q Q
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but, since p’ = # > 1, the last limit holds also for ¢ € LP/(Q), S0 up = Uy and
u, € Wy P(Q) N L=(Q).

Step 2: We show the strong convergence of {wy, }nen in Wy ().
To get the strong convergence in W, *(£2), using Minkowski inequality, it follows
that

l|lwn — ukHWOLP(Q) < H(wn - Uk)JrHWOl"P(Q) + ||(wn - uk)7’|W(]1*p(Q) . (3.6)

We first consider the asymptotic behaviour of ||(w,, — uk)+||WJ,p(Q).
Choosing (w, — ug)" as test function in (3.4), we have

/A(|an|)(an,V(wn—uk)+)dx—|—/Hn(B(|an|))(wn—uk)+dx
Q Q

:19/QT;C (w;{_1> (wnfuk)erer/Tk(f)(wn—ukﬁdx.

|z [P Q

(3.7)

Since w, — wuy in W, (), using the compact Sobolev embedding we obtain
wy, — ug in LP(Q) with p € [1,p*) and then, up to subsequence we obtain that

Wy, — Uk a.e. in . Moreover (w, — ux)™ — 0 a.e. in .
By dominated convergence theorem , the right-hand side of (3.7) goes to zero
when n goes to infinity. Since / H,(B(|Vwy|))(w, — ug)™ dx > 0, (3.7) becomes

Q
/ A(Vwn]) (Vo V(1w — ug) ™) dae < o(1) as n — +oo. (3.8)
Q

Furthermore, let us observe that (w, —uy)t — 0 in W, **(€2) implies that

/ A(Vug])(Vaag, V(wn — ug) ) da = o(1) as n — 400, (3.9)
Q
In fact, the operator

v / A(|Vug|)(Vug, Vo) dz
Q
is linear and continuous because, by (1.3) and (2.4), we have

< ([10vuhvara) ([ vopar)’
Q Q

p—1

/Q(A(\VukDVuk,Vv) dz

< (c;;lm{|vuk| < K}|+c/ |Vukpdx> (/ Vv|pdx)p < foo.
Qn{|Vu|>K} Q

Then, using (3.9), we write (3.8) as

/Q [A(|Vw,|)Vw, — A(|Vug|)Vug] - V(w, — ug)t de < o(1).
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Using (1.4), we get
0< o A(|an| + V)P 2|V (wn — w) P de
< /Q LAV wn )V — A(Vug)Vag] - V(wn — )t dz < o(1),
hence
/Q [A(|Vw,|)Vw, — A(|Vug|)Vug] - V(w, — ug)t dr = o(1) as n — +o0.

By (1.4) and (2.2), we obtain

o(1) = /Q [A(IVw,|) Vw, — A(|Vug|)Vug] - V(w, —ug)™ do

— w2
02/ |v(wn uk‘) |27 dx 1f1<p<2, (310)
> o ([Vwy,| + [Vug|)”™"
02/ |V (wy, —ug) TP dz if p>2.
Q

We consider two different case:
e If p > 2, by (3.10) we have

(| (wn — uk)+HW01,p(Q) =o(1) as n — +oo. (3.11)

e Ifl<p<?2,

— + p p(2—p
/|V(wn—uk)+pdaz:/ Von — )P (G0, 4 (Vg ) 5 d
Q Q (|an| + |Vuk|) 2

By Holder inequality and (3.10), we obtain

/ |V (wy, — ug) ™ |P do
Q

2-p

IV (w, — ug)t|? . 2 B
: </Q (|Vw,| + [Vug)2 P dz) (/Q(|an|+|Vuk|) d ) — o(1).

[| (wn — uk)+HW01,p(Q) =o0(1) as n — +oo. (3.12)

(SIS

Then

In order to complete the asymptotic behaviour of (3.6), let us consider e=Cwn [(wn,—
ug) | as test function in (3.4), where C' is the positive constant in (1.7).

Aymw%mw%ww$wm%—mrmm

+/QHn(B(|an\))e_é“}"[(wn —up) | dw

ﬂAeéwn(%*)wnzmm+/eé%num%w)m-

|z [P Q
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Then

/S)e*OWnA(\vwn|)(vwn, V(wy — ug)”) d

+ [ e [HaB(Twn) = CANVw DIV ] (wn -~ w) de (313)
Q

N q N
= 19/ e~ CUny, (w"1> (wp, —ug)” dm—i—/ e U T (f) (wn — ug)~ de.
Q

|| Q
By (2.5), we have that
H,(B(|Vw,|)) = CA(IVw, )| Vun|* < B(|Vwn|) — CA(|Vwn|)|Vw,|* < 0
then

[ e [HuBOVw) = CANTwn) T ] 10, = ) do > 01

As above, since (w,, —ug)~ — 0, by dominated convergence theorem, the right-hand
side of (3.13) tends to zero when n goes to infinity.

So, the equation (3.13) becomes
/Qe’éw"A(\anD(an, V(w, — ug) ") dz < o(1). (3.14)
Since (w,, —u)~ — 0 for n — +o0,
[ AT )(T0, =) ) o
— [ (A0 )V, — A(Ta]) Vi, T, = )l
+ [ AQVD (T, 9w, = ) ) do

_ / e Cwn (A(|Vw, )V, — A(|Vug|) Vg, V(w, — ug) ™) dz + o(1).
Q
(3.15)
By Proposition 3.1, 0 < w,, < 1, therefore one has that eCun < eCY = ¥ >0

uniformly on n being 1 € L>°(§2). Then, using (1.4) and (3.14), we estimate (3.15)
as

/QA(\anD(an, V(wy, —ug)”) dx

= / O e=Cun (A(|Vwn|)Vw, — A(|Vug|)Vug, V(w, — ug) ™) dz + o(1)
o (3.16)
< ’y/Qe_C“’” AV )V — A(| Vg ) Vitg, V(wn — up) ") dz + o(1)

< —7/9e_éw"A(\VukD(Vuk,V(wn —ug)”)dx 4+ o(1).

Now, we estimate the right hand-side of (3.16) in this way:
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[ e ATl (Ve T — ) ) da

Q

:/e*éwn*uw*e*é“m(wukn(vuk,V(wn—uk)*)dx (3.17)
Q

= —i/ e~ O A(|Vug|)(Vug, V(e=C@n=u)™ _ 1)) dg
C Ja

Since {e*é(“’"*“kr — 1}nen is uniformly bounded in Wol’p(Q), up to a subsequence
there exists g € W,"*(€2) such that

—C’(wn—uk)7

e —1—=gasn— +oo. (3.18)

In particular we note that g = 0 since w,, — uy a.e. in {2 as n — +o0.
Hence, by (3.18), for n — +o0
/ e~ A1V ) (Vug, V(e C0n =07 1)) dr — 0. (3.19)
Q

Then, using (3.17) and (3.19) in (3.16), one has
/ A(|Vwp|)(Vwn, V(w, —ug) ™) dz < o(1).
Q

Arguing in the same way as we have done from equation (3.8) to (3.12), we obtain
that

|| (wn — up) HWOl,p(Q) — 0 asn— +oo. (3.20)
Summarizing up, from (3.6) we get that
|wn — UkHWOl,p(Q) — 0asn — +oo (3.21)

Up to a subsequence, |Vw,| — |Vuyi| a.e. in  and there exists v(x) € L'(Q2) such
that |Vw,|P < v(z) a.e. in Q.
Since B is continuous, we get that

lim  Ho(B(Vuwn|) = lim —2UY el

————* =28 .e.in Q.
n——+o0o n—4oo 1 4 %B(|anl) (|V’Lbk|) a.e. 1

Moreover, if E C () is a measurable set, by (2.5), (1.3) and (2.4), we have
/ H,(B(|Vwy|)) dx < / B(|Vwy]) dx < C’/ |A(|Vw,|)| | Vw,|? do
E E E

< KCxC|EN{|Vw,| < K}| 4+ ¢.C |V, P dz
En{|Vw,|>K}

< KCkC|E| + clc'/ v(x) dz
E
and, since v(z) € L'(Q), we get that H,,(B(|Vw,|)) is uniformly integrable.

Using Vitali Theorem we have

H,(B(|Vw,|)) = B(|Vug|) in L*().
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To conclude the proof, passing to the limit in weak formulation of problem (3.4),
we obtain that u, € W, ?(Q) N L™(Q) satisfies

/A(|Vuk|)(Vuk,V<p)dx +/B(|Vuk\)<pdx
Q Q

q
= 19/ Tk <|u|p> pdx +/ Ti(f)pdr Yo € Wy (Q) N L=(Q),
Q Q
hence uy, is a positive weak solution to the problem (3.1). O

3.2. Existence of solutions to the problem (1.1).
In order to prove the existence of solution to the problem (1.1), we exploit the
following Lemma (see [22]).

Lemma 3.3. Let ¢, (s) defined as

Un(s) = / T (t)7 dt. (3.22)
0
For fizred q € [p —1,p),Ve > 0 and Yn > 0, there exists C. such that
sIT,(s) < eyl (s) + C., s> 0. (3.23)

Next we prove our main Theorem 1.2.

Theorem 1.2. Let f € L*(Q) a positive function; then for every 9 > 0 there
exists a weak solution u € WP (Q) to (1.1).

Proof. Again our proof is divided in steps.
Step 1: We show the weak convergence of {uy}ren in Wol’p(Q).
Taking as function test T, (uy) in the truncated problem (3.1), we obtain

/A(|Vuk\)(Vuk,VTn(uk))dx+/B(|Vuk|)Tn(uk)d$
Q Q

19/9 (; )Tn(uk)dach/QTk(f)Tn(uk)dx.

By (3.22) we have that |V, (ug)|? = Tn(uk)|VuglP and since uy is a positive

function, we get
T () < Ui
|zl )~ fal?

Then
/A(|Vuk|)(Vuk,VTn(uk))dx + /B(|Vuk\)Tn(uk)dm
Q Q
y (3.24)
<19/| i T, (ug) dx—|—n/fd1:
Q
Using Lemma 3.3 and Lemma 2.3, the equation (3.24) becomes
/A(\VTn(uk)|)|VTn(uk)|2dx + /B(|Vuk|)Tn(uk)d:v
Q
<19/ U (1 +C)| 7z, (3.25)

SﬁECN’p/ |V1/}n(uk)|pdx+1906/ —dx+n|fl.
Q a lz|P
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Using (1.6) and (2.1), equation (3.25) becomes
02/ VT, (ug)|P do +J/ Vb (ug)|P dz
Q Q

1
SﬁECN,p/ |V¢n(uk)|pdx+1905/ T dr+nlfl,
Q o lzf?

and since 2 is a bounded set and p < N we get

02/ VT, (ug)|Pde + (o — ﬁECN,p)/ IV, (ug)|P doe < C(n,e,p, f,9,Q).
Q Q

If we choose 0 < e < , by setting C := o — ¥eCn,p > 0, we get

7

9CNp
¢

[T + £ [ [V0n@)P ds < Cn,f,p.c2.0.9.Cp ). (326)

Q 2 .JQ

Fixed [ > %2, since |V (ug) P = Ti(ug) | Vug|P = [|Vug|? on QN{ux > 1} and using
(3.26), one has

/ |Vug|P de = / |Vug|P dx Jr/ |Vug|P da

1
a/wm%wm+f/ Ve ()P d
Q U Janqu,>1y

S/Q\VTl(uk)l”de-F%/QIle(uk)\de (3.27)

C
< [vntrds + < [ [wur i
Q C2 Jo
S C(l, f7p7 C2,0, 197 CN,pv Q)
Then, HukHWOl,p(Q) is uniformly bounded on k. Therefore, up to a subsequence, it

follows that u, — u in W,"*(€2) and a.e. in Q.

Step 2: We show the strong convergence in L'() of the singular term.
By Holder and Hardy inequalities we have

q q q
1
/Tk (uk) dmg/&dx: ﬂif dx
Q |z [P a lzlP q |z|9 |zP~a
¢ . (3.28)

uf: P 1 P; % _
< — dzx ——dzx <c |Vug|P dx <C,
o |zP o lzlP Q

where C is a positive constant that does not depend on k. Hence we deduce that
q
Ty (%) is bounded in L!(Q).

Since ur — w a.e. in Q, by definition of Tj(s), we get that

q q
T: e — o a.e. in €.
||P ||P
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Noting that T} (I Ip) > 0, we can use Fatou Lemma and obtain
ud ul
/ dzr < liminf / ( > dz,
ozl k—=too Jo ||
then — € L'(Q).
le

We now consider a measurable set E' C 2. Arguing as in (3.28), using again Fatou
Lemma and Holder inequality, we have

/ETk< |p) /‘ dz < c||Vuy |} (/E@dx)w<6(u(E))

uniformly on k, where hr% d(s) =0.

Thus, from Vitali Theorem, we get

T ( Ui ) - % in L1(Q). (3.29)

[P
Step 3: We show the strong convergence of |Vug [P — |VulP in L1(Q).
We need two preliminary results.
Lemma 3.4. Let uy, be a weak solution to the problem (3.1). Then
lim |[Vug|? de =0
n——+oo {ur>n}
uniformly on k.

Proof. Let us consider the functions
Gn(s) =s—Tu(s) and 7,-1(s) =T1(Gn-1(9)).

We get that
0 ifup, <n—1,
Tn—1(ug) = Th(ug — Th—1(ug)) =S up — (n—1) ifn—1<u, <mn, (3.30)
1 if up > n.

Using 7,—1(ug) as a function test in (3.1), we get

/A(|vuk|)(vuk,an,l(uk))dx+/B(|vuk|)7n,l(uk)da:
Q Q

, (3.31)
= /' T, U X Tpn—1\U Z.
0 [ 1 () st o+ [ THrioatu)a

We want to estimate the left-hand side of (3.31). Using the definition of 7,1 (ug)
and (2.1), we get

/A(\Vuk|)(Vuk,VTn_1(uk))da::/ A(|Vug|)(Vug, Vug) d

Q n—1<up<n}

:/ A(\Vuk|)\Vuk|2dwzcg/ Vupl? de (3.32)
{n—1<up<n} {n—1<up<n}

= 02/ |V T—1(ug)|P de
Q
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while from (1.6) one has
/ B(|Vug|)Tn—1(ug) dx > 0/ |VugPTy,—1(uk) de. (3.33)
Q Q
Then, using (3.32) and (3.33) in (3.31), one has
02/ |VTn,1(uk)|pdx+o/ |Vug|Prn—1(ug) da
Q Q

Sﬂ/QTk (ﬁp) Tn_l(uk)da:—&—/QT;C(f)Tn_l(uk)dx.

(3.34)
Moreover, from (3.30)
Tn—1(ug)|[Vug P > [Vur[PX (up>n} (3.35)
hence (3.34) becomes
O’/ |Vug|P de < 02/ |V Tp—1(ug)|? dz + 0'/ |Vug|Prn—1(ug) dz
{ue2n} ¢ @ (3.36)

gﬂ/QTk (IZII%’) Tn,l(uk)dﬁ/ T (F) s () d.

Q

By (3.27), {ug }ren is uniformly bounded in Wol’p(Q) on k so, up to a subsequence,
uy, weakly converges in W, ?(Q), strongly converges in LP(Q) with 1 < p < p* and
a.e. in Q.

Then

HreQ:n—1<ug(x)<n}| —0 if n - +oo,

{z € Q:ug(z) >n}t —0 if n =+ +oo (3:37)

uniformly on k.
By (3.30) and (3.36) we get

q
O’/ |Vug|P de < 19/ Ty (uk> Tn—1(ug) dx
fur2n} n—1<ux<ny  \ |2l

q
+ ﬁ\/{uk>n} Ty, <uk) Tn—l(uk) dx + / Tk(f)Tn—l(uk) dx

‘:I;|p {n—1<ur<n}
+/ T (f)Tn—1(ug) de.
{ur>n}

Then, by (3.37) and dominated convergence theorem, we have

lim |Vug|? de = 0.

n—-+oo {ur>n}

Lemma 3.5. Consider u, — u in Wy’ (Q). Then one has for every m

To(ug) — T (u) in Wy (Q)  for k — 400,



EXISTENCE AND REGULARITY FOR QUASILINEAR ELLIPTIC PROBLEMS 15

Proof. Notice that
| Tom () — Tm(u)HWOI‘p(Q) < H(Tm(“k) - Tm(u))+|‘Wol’P(Sl)

3.38
+ (T (ure) — Tm(u))fHngP(Q) : (539

First of all we study the asymptotic behaviour of ||(Tp, (ux) — T (u))+||W01,p(Q).
If we take (T, (ux) — Trn(u))™ as a test function in (3.1) we get

/ AV i) (Vg V(T (1) — Ton())*) i + / B(Vug])(Ton () — Ton () dz
Q Q

- [ (om (“k) FTUS) ) () = T ()

. (3.39)

Since Ty (up) — Tp(u) in Wy P(Q) and Ty, (u) — Tin(u) ae. in Q, we have
(T (ug) — T (u))t = 0 ae. in Q and (T, (ug) — Ti(u))™ — 0 in Wy P(Q). Thus,
the right- hand side of (3.39), using (3.29) and dominated convergence theorem,
tends to zero as k goes to infinity.

Then, for k — 400

[ AT (T VT 1) = T ) )

(3.40)
+ / B(|Vug)) (T (ug) — Trn(w))t dx = o(1).
Q
Let us note that equation (3.40) is equivalent to
/Q (A(|Vur|) Vup — A(|Vu|)Vu, V(T (ug) — T (w) ) da
+/ B(|Vur)) Ty (ug) — Ty (w))t da (3.41)
Q
= [ ANTUD(T0, (T 11) ~ Ton))*) i+ 0(1) = o),
since by (T (ug) — Tpn (1))t — 0 in W, *() one has that
/QA(|VU|)(Vu,V(Tm(uk) — Ty (u))T) dz = o(1) as k — +oc.
We have that
J(uk = T (w)t i 0 <up <m,
(T (ug) — T ()" = {m o £ > (3.42)

Vup —uw)t  ifup <m,u<m,
0 if up, <m,u>m,
0 if up > m,u >m,

—Vu if up > m,u <m.
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So, using (3.42) and the fact that B is a positive function, (3.41) becomes

/ (A(\Vuk|)Vuk — A(|Vu|) Vi, V(uy, — u)+) dz
QN{ur<m, u<m}

+/ (AQVuel) Yk~ A(Vel) V0, V) da (3.43)
QN{ur>m,u<m}

_ /Q (ANVur)) Var = A(Vul) Vi, V(T () = Ton())*) de < (1),

We set:
D= /Q (AIVur)) Vs = AV, ¥ (T () = Ton ()" ) d,

Dy = / (A(|Vuk|)Vuk — A(|Vu)Vu, V(uy, — u)+) dz,
QN{ur<m, u<m}

Dy = / (A(\Vuk|)Vuk — A(|Vu|)Vu, fw) dz.
QN{ur>m,u<m}
e For the term Dj, using (1.4), we have

Dy = / (AUVur]) Ve — A(Vul) T, V(g = ) ") de
QN {ur<m, u<m}

> 02/ (|Vug| + |Vu)P~2|V (up — u)T|? dz > 0.
QN{ur<m, u<m}
(3.44)

e We write Dy as

Dy =Dy1+ Djo

B /Qﬁ{uk>m,u<m}
+/ A(|Vug|) (Vug, —Vu) dz.
QN{ur>m,u<m}
Then, by (2.4) and (1.3), we have

Dy, < / A(Va])|[Vul? da
QN{ur>m,u<m}

< KCk QN {ug > myu <m}N{|Vu| < K}

A(|Vu|)|Vul? d

+Cl/ IVulPXon{u,>m,u<m}n{|vVu|> K} dT.
Q

Since uy — u a.e. in ) for k — +oo, we get that Xonfu,>m, u<m) — 0-
Moreover, |Vu|P € L*(€), then using Dominated Convergence, one has that

|Dg 1

=o(1).

Analogously, using Holder inequality, (2.4), (1.3), dominated convergence
theorem and (3.27)
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|Da2| = (A(|Vug|)Vug, Vu) dzx

- :
/ |Vul? dx
QN{ur>m, u<m}

< ([ 140vuhTuf ar) |
Q

< (C’IQI|QH{|Vuk| <K}|—|—c/ |Vuk|pda:)

on{|Vur|>K}

1
. / |Vul|P de
QN{ur>m, u<m}

Arguing for that last integral as in |Ds 1| and using the fact that Q is a
bounded set and uy, is uniformly bounded in W, (), we get that

Aﬂ{uk>m, u<m}

p—1

‘D272‘ = 0(1) as k — +oo.
Then

|Da| < |D21|+ |D22l =0(1) = Dy=o(l). (3.45)
By (3.43), (3.44), (3.45) we obtain
0o(1) =Dy < Dy + Dy =D < o(1),
that is

D= / (A(|Vuk|)Vuk — A(|Vu|)Vu, V(T (ug) — Tm(u))+) dz = o(1). (3.46)
Q
Since (Ty, (up) — Tpn(u))™ — 0 in WyP(Q), from (3.46) we get

/Q A(Vur)) (Vug, V(T (ug) — Trn(w)) ) dz = o(1) as k — +oc. (3.47)

Since Ty, (ug) = ug on {0 < up < m}, we estimate the left-hand side of (3.47) as

o(1) = / AV k) (Vak, V(T (k) — T (1)) dt

A(IVur])(Vuk, V(T (ur) = Tn (1)) da

QN{ur>m}

/m{ < }A(|VTm(u)|)(VTm(u)7V(Tm(uk)_Tm(u))Jr)dx

_|_

k (3.48)
Let us denote

Xm = XQn{up>m} (349)
and consider the first term of the right-hand side of (3.48). Using (3.42), Holder
inequality (2.4) and (1.3), we get
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/Q (A ) Vet XV T (1)

<

p—1

JREGZS da:) ’ ( / IXmVTm(U)Ipdl")p
Q Q

IVuklpdfC> [ VT ()],

IN
/N 7 N

CETIO N {|Vuy| < K} + c/
ON{|Vur|> K}

<c

—~

9 k1)) 7 1n VT ()], -
3.50

Since klim Xm VT, (u) =0 ae. in Q, using dominated convergence theorem, we
—+0o0

get
1 Xom VT (w)]],, — 0 as k — +o0

and since uy, is uniformly bounded in W, (Q) on k by (3.27), we obtain

/Q(A(|Vuk|)Vuk,meTm(u))da: =o0(1) as k — 400

and in particular
/(A(\VukDVuk,XmVTm(u)) dx = o(1) as k — +oo0. (3.51)
Q
For the second term of the right-hand side of (3.48), we rewrite it as

/m{ 3 }A(IVTm(U)I)(VTm(U%V(Tm(Uk)*Tm(U))ﬂdfﬁ
=/QA(IVTm(U)I)(VTm(ULV(Tm(Uk)—Tm(U))+)d9€ (3.52)

/ﬂﬂ{ oy ANV T @DV T (0, V(T () = T (0)") d

Since (Tp,(ug) — Thn(u))t — 0 in WyP(Q), the first term of the right-hand side
goes to zero when k — 4o00. Instead, for the second term, arguing as in (3.50), we
obtain that for £k — 400

/ AV T (W) ) (VT (w), V(T (ug) — T (w))*) dee
QN {ui>m} (3.53)

1 X VT (W), = o(1) s k — +oc.

< (19| + ([T (u)
Then

p
||W01’p(9))

/m{ oy AT D (T T 1), 9 (T 1) = Ton(1))*) = o)
as k — +oo and equation (3.52) becomes
Lo AT TADTE (0. 9T ~ T )=o) (334

Now, we have to estimate the last term in the right-hand side of (3.48). We write
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S (AT T ) VT ) — AT T () VT ), 9 ) — T () )
= [ (AQV L))V T 01) = AV T (1)) VT 0, (T = To (1))

/m{ § } A(IV T (u )I)VTm(uk)—A(lVTm(u)\)VTm(u),V(Tm(uk)_Tm(u))+> "

(3.55)
By (3.42), the second term of the right-hand side of (3.55) becomes

/ AV T (@) VT ()2 v (3.56)
QN{ur>m}
We know that

/ VT (w)[P da = o(1) for k — +oc,
QN{ur>m}

while using (2.4) and (1.3) we get

/ (A(Y T (1) )|V Ty (1)) 727
Qﬂ{uk >m}

(3.57)
C" 1\Q|+cp ! / VT (u)P de < +o0
QN {ur>mIN{|VTn (u)|>K}

Then using Holder inequality in (3.56), we obtain

/ AT (1)) [V T ()2
QN{ur>m}

p—1

B =

= (/Qn{upm}(A(VTm(u))IVTm(u)I)p—l d:c) (/m{wm} |VTm(u)|de> =o(1)

as k — +oo.
Therefore

/sm{ N }A(|VTm(u)|)|VTm(u)|2dx =o(l) ask— +oo. (3.58)

Using (3.58), equation (3.55) becomes

/m{ o (A(|VT77L(Uk)|)VTm(Uk) — AV T (W) )V T (w), V(T (ug,) — Tm(u))Jr) "

/Q (A(IVTm(uk)I)VTm(Uk) — AV () )V T (), V (T (ur) — Tm(u))+) dx + o(1)

(3.59)
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Then, using (3.51), (3.54), (3.59), the equation (3.48) becomes

o(1) = AA(|vuk\)(vuk,V(Tm(uk) T (w)) da

= /Q (A(IVTm(uk)I)VTm(Uk) — AV () )V T (), V (T (ur) — Tm(u))+) dx + o(1)

as k — +oo.
Using equations (1.4) and (2.2),

o) = [ (AT Ty (1) DTy (1) = AV T ()P Ty (1), V(T ) = Tos())

e | [V (T (1) = Ton () "2
>4 Jo (9 Tm(u)l + VT ()"

dx ifl<p<2,

C2/ I (T () — Ton ()P d ifp> 2.
Q
(3.60)
Arguing as we have done from (3.10) to (3.12), we obtain
(T () — Tm(u))JrHW&,p(Q) — 0as k — +oo. (3.61)

For the study of the asymptotic behaviour of ||(T}, (ux) — Tm(u))fﬂwol,p(ﬂ), we use

e‘éT’"(“k)(Tm(uk) — Tn(u))™ as a test function in weak formulation of (3.1) ob-
taining

/Qe_éTm(uk)(A(WukDVuk,V(Tm(uk) = To(u))”) da

_ / GOm0 (A(Vuy )V, VT 1) ) (Lo (1) — Ton ()~ i

; A (3.62)

+/ B(|Vuk|)e_CT’"("’“)(Tm(uk) — T (u))” dx
Q

- /Q <19Tk (“z) + Tk(f)) e~ CTm () (T, (uy) — Tin(w))~ da

[P

As above, since (T}, (ur) — T (u))™ — 0 in WyP(Q) and (Tp, (ug) — Ty (u))™ — 0
a.e. in Q, by dominated convergence theorem, the right-hand side of (3.62) tends
to zero when k goes to infinity. Moreover, splitting the domains of the integrals in
the left-hand side of (3.62), we get
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/ =T () (A(| Vet ) Vg, V(T (1) — Ton (1))~
Q
-/ G CTm ) ( Ay} Vg, VT () ) (Lo (15) — T ()~ i
QN{ur>m}
- / Cle=CTm(w) (A(|Vuk|)Vuk, VTm(uk)) (T () — T (w))~ dac
Qﬂ{ukgm}
+ / B(|Vug|)e=CTm o) (T, (ug) — Thn(u)) ™ da
QN{ur>m}

+ / B(|Vug|)e ST ) (T, (ug,) — T (u)) ™ dz = o(1) as k — +00.
QN{ur<m}
(3.63)
We have that

(ug — Trp(w))”™ 0 <ug <m,

. (3.64)
0 if up > m,

Viug —u)” if up <myu < m,
V(T (ug) — Trn(u))™ = < Vg if up <m,u>m,
0 if ug, > m.

Recalling the definition of x,, given in (3.49), one has that (Ty, (ug) — T (w)) ™ Xm =
0 and T, (ug) = ug on {0 < up < m}, hence (3.63) becomes

/Qe*éTm<w=><A<|vwf|>wk, V(T (ur) — T ()7 de

B(|VT,(u e~ CTm (ur) m(ug) — T (w))™ dx
+ /Q o BOVTL ) (Ton (1) — Ty (12)) .

- / CA(IV T (1)) [V T (1) 2= CTm ) (T ) — To ()~ dir
QN{ur<m}
=o(l) ask— +oo.

Moreover, using (2.5), we have that

/ e (A Vur|) Vg, V(T (ur) = T () 7) dae < 0(1) as k = +oc.
@ (3.66)

Recalling (3.64), we define Ay := {z € Q: up < myu < m} and Ay :={z € Q:
up < m,u >m} and we split the integral in (3.66) as follows:

Ae_ch(uk> (A(\Vur)) Vg, V(T (ux) — Ton ()~ da
_ / o= CTom (ur) (A(|Vug|) Vg, V(uy, —u)~) dz (3.67)
QNA,

+/ e_éTm(uk)A(|ka|)|vuk|2dm <o(1).
QNA,
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Since (Ty, (ur) — Ty (u))™ — 0 in Wy P(Q) for k — 400,

[ (AT Ve, DT 0) = To(w)) o
= [ (AT 0) Vit = AQVT, () VT (1), (T (10) = Ton(w) )
+/ (A(|VTm(u)|)VTm(u),V(Tm(uk) —Tm(u))f) dx
Q
- /Q (A(Vug])Vitg — AV Ty (u)])V Ty (1), V(Lo () — T () ) e + 0(1).
= / (A(|Vur|)Vuy — A(|Vu])Vu, V(ug —u)”7) da
QNA;

+/ A(|Vug])[Vur|? dz + o(1)
QNAs

(3.68)

Moreover, one has that eCTm(ur) < emC —, ~m uniformly on k. Then, using (1.4)
and (3.67), we estimate (3.68) as

/(A V) Vg, V(T (1) — Ton()”) d
eCTm (ur) p=CTm (ur) (A(|Vug|)Vuy — A(|Vu|)Vu, V(ug —u)~) da
QnA,
+/ eCTm (ur) _CTm(uk)A(|vuk|)|vuk‘ dz + o(1)
QN A,

gvm/ e~ CTm () (A(|Vug|) Vg — A(|Vul)Va, V(ug —u)~) do
QNA,

+7m/ e T () A(| Vi) Vg2 da + o(1)
QNA,
< Ym l/ ¢~ CTm(ur) ( (|Vug|) Vug, V(ug — u)*) dx
QNA;
+/ e~ CTm(wR) A(|Vug|) | Vg |2 dz
QNAs

— Ym / e CTm () (A(|Vu))Vu, V(ug, —u)”) da + o(1)
QNA;

< _Vm/ eiéTm(Uk) (A(‘VUDVU, v(uk - U)i) dx + (7m + 1)0(1)'
QNA;

(3.69)

Now, we estimate the right hand-side of (3.69) in this way:
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/ e=CTm (ux) (A(IVu|)Vu, V(up —u)~) dx

QnA,

- /Q ¢ CTn ) (A(|V Ty () )V T (), ¥ (T (1) — T (w)) ") e
:/eié(Tm(uk)iTm(u)) ~CTm ( (VT (u )|)VTM(U)7V(Tm(uk)_Tm(u))7) dx

1 A = —_
—-3 / ¢ CTn () A1V T, () ) (VT (), V(e CTm )T ()™ _ 1) i
Q
(3.70)

Since {e—é(Tm(uk)—Tm(u))f — 1}ken is uniformly bounded in Wol’p(Q), up to a sub-

sequence there exists g € W, *(Q) such that
e=CTm (i) =Tm(w)™ _ 1 g as n — 400. (3.71)

In particular we note that g = 0 since T, (ug) — T (u) a.e. in Q as k — +o0.
Hence, by (3.71), for k — +o0

/Q e=CTn () A(|V Ty (w)|) (VT (1), V (e~ C T () =T (W)™ _ 1)y dzz 0. (3.72)
Then, using (3.70) and (3.72) in (3.69), one has that
/Q (A(Vur )V, V(T ur) — Ton(w)) ") da < o(1) as k — +o0.  (3.73)
Arguing in the similar way as we have done from (3.40) to (3.47), we get
/ﬂ (A(Vur) Ve, V(T (ur) — Ton(w)) ™) d = o(1) as k — +oo.  (3.74)

In order to obtain the desired result, we proceed writing the left-hand side of (3.74)
as

o(l) = /A [Vug|) (Vug, V(T (ue) — T (u)”) da

A(|Vur ) (Vug, V(T (ur) — Trn(u)) ™) dz

QN{ur>m}

/Qm{ < }A(|VTm(u)|)(VTm(u)7V(Tm(uk)_Tm(u))_)dx

_|_

+ / (AN T ()Y T 1) = AUV T () )V T (), 9 (T 1) = T ()™ )

The first term of the right-hand side of (3.75), by (3.64), is zero since (Ty,(ug) —
T ()™ Xm = 0.
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The second term of the right-hand side of (3.75) can be rewritten as

/Qﬁ{ - }A(lva(U)D(VTm(U),V(Tm(uk)_Tm(u))_)dx
:/QA(\VTm(u)D(VTm(u),V(Tm(uk)_Tm(u))_)dx .
o AT (T T ), 9 T 1) = T (00))

Since (Tp,(ug) — Thn(u))™ — 0 in WyP(Q), the first term of the right-hand side
goes to zero when k — +oo. While, the second term, is zero since (T, (ux) —
T?n (u))_X’rn =0.

Then, the equation (3.75) becomes

o) = | (AT (1)) T Tr15) — AV T (1)) VT3 (),

V(T () — Tm(u))_) dz.

Now, we estimate the the right-hand side of (3.77).
We write

/m{ < }(A(IVTm(uk)I)VTm(uk)—A(|VTm(u)|)VTm(u),v(Tm(uk)_Tm(u))_)dx

- /Q (AN T () T 1) = ANV T () )V T (), ¥ (T 1) = T ()™ )

NN
00
N

By (3.64), the second term of the right-hand side is zero then equation
becomes

o(1) = /Q (ANV T (i) )V T ()= AN Ty (1)) VT (1), ¥ (To(04) ~Toa () )

(3.79)
From equation (1.4) and (2.2),

o) = [ (AT Ty (0 DTy (1) = AV T (1) DTy (10. VT ) = To() )

—2
> Q (IVTon (ur)| + VT (u)])
cz/ IV (T (ug) — Ton(u)) ™ |P dz if p> 2.
Q
(3.80)
Arguing as we have done from (3.10) to (3.12), we obtain
| (T (ur) — Tm(u))_Hwol,p(Q) — 0 as k — +oo. (3.81)

Summarizing up, from (3.38) we get

1T (ur) — Tm(u)HWOl,p(Q) — 0as k — +oo0. (3.82)
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Using Lemma 3.5, up to a subsequence, we get

VT (ui)|P = |V (uw)|P a.e. in Q, for k — +o0. (3.83)
For almost everywhere z fixed in , we choose n >> |u(z)|. Since up — u a.e. in
Q for k — +o0, we get that |ug(z)| << n definitely.
Choosing m = 7 in (3.83), one has

|[Vug|? — |Vul? a.e. in Q for k — +oo.

In order to use Vitali Theorem we need to prove the uniform-integrability of |Vuy|P.
Let F C Q2 be a measurable set, then

/ [Vugl? de = / |Vug|P dz —|—/ [Vug|? dz
E En{ui>m} En{ur<m}

:/ |Vug|P dx—i—/ |V T (ug)|P de.
En{up>m} E

For fixed € > 0, using Lemma 3.4 in the first term of (3.84), there exists m that
does not depend on k, such that

/ |[Vug|P de < / |[Vug|P de < E
En{ur>m} QN{ur>m} 2

By (3.82) and up to a subsequence, there exists v(z) € L'(Q) such that |V, (ug)|P <
v(z) a.e. in Q. So for |E| small we get

/ VT () [P de < <.
E 2

(3.84)

Therefore,
/ [VuglP de < e.
E

is uniformly integrable on k.
Collecting the previous result, the left-hand side of (3.84) is uniformly integrable
on k.

Then Vitali Theorem implies that

|Vaug|? — [Vul? in L'(Q), (3.85)
that is equivalent to

lurllyr ) = lullwre ) - (3.86)

Step 4: In order to obtain a solution to the problem (1.1), we note that by [6,
Theorem 1]
Gl = ullr o) = 0.

Moreover we observe that B(|Vug|) — B(|Vul|) in L(Q).
Since B is a continuous function
B(|Vug|) = B(|Vul|) a.e. in Q.

From (3.85), up to a subsequence, there exists v(x) € L*(2) such that |Vu [P < v(z)
a.e. in €.
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Then, if £ C Q is a measurable set, using (2.5), (2.4) and (1.3), we have that
/ B(|Vuy|) dz < é/ |A(| V) || Vug|? da
E E

< KCC|EN{|Vu| < K} +,C |V |P da
En{|Vug|>K}

< KCk|FE| +clé/ v(x)dz
E

and, since v(z) € L1(Q), we get that B(|Vuy|) is uniformly integrable.

Using Vitali Theorem we have
B(|Vug|) = B(|Vul) in L'().

Then, collecting all the previous results, by dominate convergence, passing to the
limit for £ — 400 in
ul
/ A(Vur)) (Vg Vo) dee +/ B(|Vux|)p do = v/ T, (k) pdz + / To(f)p da
Q Q Q |z [P Q

Vo € Wy () N L2(Q).
we obtain

q
/A(|Vu|)(Vu,V<p)dx+/B(|Vu|)godm:ﬂ/u—god:v+/ fodr
Q Q olzfP Q

Yo € Wy P(2) N L ().

4. REGULARITY OF THE ENERGY SOLUTION

In all this section we shall assume that the solution is bounded far from the
origin, up to the boundary. In same cases this can be desumed by construction.
In general, if the problems is at most critical the local boundedness of the solution
follows by Theorem 1 in Serrin [29] taking into account remark page 261, that in
our case is useful to deal with the first order term. Once we are considering locally
bounded solutions we deduce that u € C’llo’?(Q\{O}) by [16, 19, 24, 25, 26, 27, 31, 32].
The boundedness of the solution up to the boundary can be proved via rettification
arguments or via scaling arguments; supposing that Q is smooth, C’llo’s‘(Q \ {0})
regularity follows by [20]. Finally outside Z,, and far from the origin, our equation
can be rewritten as

—div(a(x)Vu) = c(x)
where a(-) and ¢(-) are locally Holder continuous. We are therefore in position
to apply standard regularity theory (see e.g. [18]-Chapter 6) to deduce that u €

C*(Q\ (Z, U{0})).
For this reason in what follows we will indicate by
5 Uz, (7)€ QN (Z, U{0}),
i) o B @) \ (Zu U {0}) W)
0 T € 7y

and Vu; stands for “gradient” of (TUi1y ooy UiN)-
Next results give us the summability properties of the second derivative, main
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tool for the analysis of the qualitative properties of solutions of elliptic problems.
The proofs follow the ideas introduced in [7, 14, 17] therefore we include only some
details.

We will assume that A satisfies (1.3), (1.4) and also

LA (E) LA'(E)
=: < =
b Ay = ma s Mas=sup Ty

Remark 4.1. Recalling [10, Proposition 4.1] it is already proved that
A1) min{t™A, tMa} < A(t) < A(1) max{t™A, M4},
Since m4 > —1 there exists n € [0,1) such that m4 + 7 > 0; hence
}ig% t"A(t) =0

< +00. (4.2)

and, moreover, it easy to check that tA(¢) is non-decreasing on [0, +00).

The following results deal with the study of regularity of solutions to the following
problem
—div(A(|Vu|)Vu) + B(|Vul|) = h(z,u), in €Q,
u>0 in Q, (4.3)
u=0 on 0,

uf ou
P + f(x) and w; := pr

where we set h(z,u) := 9

Theorem 4.2. Ass_ume that Q is a bounded smooth domain and 1 < p < N.
Consider u € C’llo’g(Q \ {0}) N C?(Q\ (Z, U{0})) a solution to (4.3), where f €
Whee(Q). We have

12
/ w dr<C Yi=1,..,N (4.4)
E\Z, ‘-T —y|’7|ui|

for any E € Q\ {0} and uniformly for any y € E, with
C:= C(’Y,mA,MA,ﬁ,h, ||vu||007p)
for0<p<landy<(N—-2)if N>3 (v=0if N=2).

Moreover, if we also assume that f is nonnegative in Q, we have that

A i|?
/ Md:ﬂgc Vi=1,..,N (4.5)
o\(zou{op) 1T =yl
Proof. T step: Since u > 0 in , we have that h(x,u) is locally Lipschtz with
respect to w, uniformly in x and h(-,u) is locally Lipschtz. Following [14, Lemma
2.1], we can state that u; solves the linearized problem
. A (Y _
/ A(|Va))(Vus, Vi) da +/ A (Vu)) (vu,vui) (Vu, Vi) dz
a o [Vul (4.6)

BT (g, 0u) o [ o
+/Q vl <Vu,Vuz)¢da? /Q[hz(x,u)—&-hu(:v,u)ul]wdx 0,

for any ¢ € C*(Q\ (Z, U{0})).
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For every e, > 0, we consider the following function:

G (t) = (2t — 26)X[e,2¢) (1) + tX[2¢,00)(t) for t >0,

G.(t) Gs(t
e(t) = |t|5 s 6( ) = |t|i(+3

Then, if we consider zy € Q\ {0}, Ba,(xo) C 2\ {0} and ¢, € C(B2,(x¢)) such
that ¢, = 1in B,(x0) and |V,| < %, arguing as in [17, Theorem 1.2] and using
the test function

¢ = Te(ui) Hs(|z — y|) 02,

we get that
, A(IVu)) |V, ? (G’ (wi)  Ge(ui) )
min{1,1 +m4} < - v dx
Bawo) T =yl Jui | jui |10 ) 70
~ A(|Vu @ui 2
. (VOIS e (@.7)

Bap(wo) 17—yl wil?

+ lim sup/ [hi (@, w) + hy (2, w)u ) Te (us) Hs (|2 — y|)g02 dx.
5—0 B2p(aj0)

Exploiting the definition of 7. (¢) and Hs(t), we can estimate the last term of the
right-hand side of (4.7) as

/ ) o) 7o) Bl —al) g e
BQP xo

) |1-8 12—-8
B L R R T
Ba,(z0) B2y (o)

|z —y[? |z —y[”
_ 1
< sw (o] [Val S [ .
@€ By, (w0) Bay(@o) [T =Yl
e IVl [ o < C.
Ba,(x0) |5L’ - yh

Passing to the limit for ¢ — 0 and applying Fatou Lemma in (4.7), we obtain

(min{1,1+mA}(1—B)—3§)/ A(VuDVusl o

Bap(wo\Za 1T — Y|7|uil? oo
< (345,67 + Cs.
Now we fix 9 sufficiently small such that
min{1,14+ma}(1—8)—39 >0
so that,

A |2 A |2
/ (e, | (TaIVuf s, o,
By(zo)\Z, [T —Y|7|uil Bap(@on\Z, [T = y|7|ui

where Co = Co(y,ma, Ma, B, h, [|Vu]loo, p, o), for all i = 1,..., N.
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II step: Let us consider E € Q\ {0}. Since E is a compact set, there exists a finite
number of B,(x;) with z; € E such that

Hence, repeating the covering arguments exploited in [7, Theorem 4.1] and by using
the estimate obtained in Step I, we get

2 2 M
/ A(|Vul)[Vu;| dr <Z/ de—kCSZCH—C:iC«
E

_ — B
vz Te—yPTal? ez, Tz =y 2
(4.8)

IIT step: If Q is a smooth domain and f is a nonnegative function in 2, by Hopf
Lemma (see [28]) we get that Z, N 92 = 0. Then, we can take 6 > 0 such that

V| # 0 in I35(99) and A(|Vu|) > 0 in I55(09).

Since u € C?(I35(01)), arguing as in [7, Theorem 4.1] and using (4.8) we get
(4.5). O

Corollary 4.3. Let u € C1(Q\{0}) be a weak solution to (4.3) with f € W1*°(Q),
1 < p<oo. Then A(|Vu|)|Vu| € W2 (Q\ {0},RY).

If Q is smooth, u € C1(Q\ {0}), f is a nonnegative function and f € W1>(Q),
then A(|Vu|)|Vu| € W22 (Q\ {0}, RY).

Proof. Since h(z,u) is locally Lipschitz continuous, u € C?(Q2\ (Z, U {0})) (see
[18]). Let us consider a compact set E C Q\ {0} and let us set

on = G1(A(IVul)u;), i=1,..,N,

where G 1 is defined as in Theorem 4.2.
Using definition of G'1, we get that G', (A(|Vu|)u;) =0 on Z,, then

9n
330]-

A'([Vul)

< Vu, Vuj > u; + A(|Vu|)u” on K \ L

We observe that ¢, € W12 (E).
In fact, choosing 0 < 1 < 1, using (4.2), Remark 4.1 and Theorem 4.2 we get



EXISTENCE AND REGULARITY FOR QUASILINEAR ELLIPTIC PROBLEMS 30

N 2
|V |* dx < 4/ {A (|Vul|)u ] dx
/E E\{|A(|Vul)ui| <L} Z

Jj=1

- 2
< 4/E\Zu J; |:|VU| < VU’VUJ > u; + A(|Vu|)u”:| dr
S [A(|Vu]) |Vl )
< 4/E\Zu ; |:vu|v’uj||Vu| + A(Vu)uij] du
N
<4 Z [MsA(|Vul) ||D2u|| + A(|Vul) HDQUH]
E\Z. j=1
§4N/ (1+MA)2A2(|VU|)HDQUH2 do
AQTuD |22
_ 5 AVl D%
=av(sag? [ aqeup ey SEEE g

<AN(1+ My)? sup A(|Vu|)|Vu|’7/ dr <K; VneN.
E\Z, E

[Vl

u

In the same way we can prove that ||¢,||5 < Ko ¥n € N. Since WH2(E) is a
reflexive space and [|én [|y1.2(p) < K == VK1 + K2 Vn € N, up to a subsequence,
there exists h € W12(E) such that

¢n — hin WH2(E)
Moreover, using Sobolev compact embedding, we get
¢n — hin L*(E)
¢n — h almost everywhere in F.
Since ¢, =25 A(|Vu|)u; almost everywhere in E, we get
A(|Vu|)u; = h € WH(E)
and by arbitrariness of i € {1, ..., N} we have that A(|Vu|)Vu € W2(Q\{0},RN).

loc

If moreover Q is smooth, u € C*(Q\ {0}), f is a nonnegative function and f €
WL (Q), we get that u € C2(Q\ (Z,U{0})) and A(|Vu|)Vu € WL2(Q\ {0}, RY).
(]

loc

Remark 4.4. If u is a weak solution of Problem (1.1) with f nonnegative, by
Corollary 4.3, since A(|Vu|)|Vu| € WL3(Q\ {0}), we get that u solves Prob-
lem (1.1) almost everywhere in Q. In particular, since B(0) = 0, we get that
—div(A(|Vu|)Vu) = 0 on Z,, that is absurd since f is nonnegative.

Then
‘Zu| =0.

Remark 4.5. Using Remark 4.4, since f is a nonnegative function, (4.5) becomes
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A i|?
/AQE@B%QMSC\ﬁ:LWN
o |z —y|7 |l

for any Q € Q\ {0} and uniformly for any y € Q, with
C:= C('Ya ma, MA7 Ba h’) ||Vu||007 p)

for0<f<landy<(N—-2)ift N>3(y=0if N =2).

Using (2.1) and the fact that |u;| < |Vu|, we also obtain

p—2—0 2 A 2
/|Vu| ‘Vul| xg/—(wul)wqm de <C Vi=1,...
Q

|z — y| |z — y|7 |u;|?

N.

)

Next Theorems concern the summability of (A(|Vu|))~!. The first is obtained
supposing that p > 2.

Theorem 4.6. Let u € CH*(Q\ {0}) N C?(Q\ (Z, U {0})) be a solution to (4.3)
with f € WH°(Q) and f(z) > 0 in Ba,(xo) C 2\ {0} (where Bs,(xo) is defined in
the proof of Theorem 4.2) . Let us suppose that p > 2. Then

1 1
dr <C (4.9)
/Bp(xo) (A(Vul))or |z -y

—1
for any y € B,(xo), with o := }?72, re(0,1),y < N—-2if N>3,v=01if
N =2 and
C:C(FY?T’? h7||vu||007pa$03047MA36237_3 é)

If Q) is a smooth domain and f is nonnegative in )

1 1
A ATy [y = (4.10)

for any Q € Q\ {0}, y € Q anda::%,re((),l).

Proof. In this proof, in order to simplify the notation we will indicate by {A > 1} :=
{z € Ba,(z0) : A(|Vu(z)]) > 1} and by {A < 1} := {& € By,(xo) : A(|Vu(z)]) <
1}. Moreover, in the sequel

1 02
Ip = / L _dx
g Bay(zo) (A(IVU])*" |z —y[7
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Following [7, 14, 17], for ¢ > 0, ¢,, Hs defined as in Theorem 4.2, let us define
b Hs(|lz - yl)op
(e + A(|Vul))or
h(z,u)Hs ¢ .
Bay (o) (€ +A(IVul))e
e[ ATAQTDH g
Bap(zo) (€ +A(Vul))ortt

. Note that ¢ is a good test function, then

(Vu, V|Vul|) dx

A(|Vul)p?
+/ VY (Y, v, Hy) da
oy (& 5 AV
A(|Vul)Hs ¢, / B(|Vul)H; ©2
+2/ LUVUDTS o gy, v ) de + Bl VOl I
ooy e F AQVa)er VeI | e AV
(4.11)

Since the source term h is positive, calling ¢, (p) := min h(z, u) we deduce that
2p

2p

) [ 0 n Bl 1T+ 1T (4.12)
o oy (& 7 AVl S
where
A(Vul) AV
I :—ar/
1 (o (& A(Va])) @D

A(Vu) 2
i /B2p(wo) (5+A(|Vu|))0”’( w 5)p, dx

(Vu, V|Vu|)Hs goi dx

(4.13)

A(IVul)
I:2/ ——————(Vu,Vp,)H;s p,dx
372 e EE ATl Y Vo e 2

B(‘VUD 2
I :/ — Ly ¢ dr.
BT sy me) (& + A(IVf))er 0 ¥

The idea of the proof is to show that all above integrals are bounded and then our
estimate can be obtained by using Fatou Lemma.

By Young inequality ab < 7a? + %, we observe that

/ B(VW) @b

Bayte) (& AVU) o= yP

/ 2 B(vu)e,
Basten) (& + AQVUD)Flz — g7 (e + A(Vul) Flz — g7

1 B?(|Vul) 02
<7l Jrf/ L dx
P47 J gy ey (A(IVUD)T [z =y
et & A(|Vul)|Vul* o)
=TT Ja ey A(VUD) - yP

A?/ A(Vu))|Vul' ¢} dH/ A(|Vul)|Vul* o
{A<1} {A>1}

<

<7lp+ C— dz
B 47 (A([Vul))or [z =yl (A([Vaul))or [z —y[
(4.14)
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Since p > 2 and ar > r > 0, we get that A(|Vul|)) < A(|Vul]))" on the set {A < 1}
therefore by (2.1)

/ BUVY) ¢
Bay(z0) (€ +A(Vul))or [z —y[7
12 A 4 2
e O (Va)IVul! _ &
AT Jia<y (A(JVul)7=2 |z =yl
A2 2
& A2(Vu) [ Val* —22 da
41 Jiasy |z —y|
02 2
<rlp+ 2 / A(Va)| V= —F2 ay
drcd? J{A<1} |z —y|7
¢ 2
+ < s (|Vu|4A2(|Vu|))/ LI
4T Boy(xo) {A>1} lz —y|7
c? _ 2
<7lp+ ——— sup (|Vu|4—’A(|vu|))/ _ P gy
A7¢I 7 Bap(wo) (a<1y |z —yl7

2 2
+C— sup (|Vu|4A2(|Vu|))/ Ly
{

AT By, (x0) As1y e =yl
To conclude, we can assert that there exists a positive C'g such that

B(|Vul) ©2 Cg
de < 7lp + —
/Bm) ET AV [e— g7 e

hence by Fatou Lemma

, B(|Vul) ©> Cp
lim sup |1 :/ P de < 7lp + —. 4.15
PAPHEI= [ ) G AV o — g e G
Similarly, recalling that [V,| < %, we get
of MDA g 4 ATV e,
Bay(wo) (E+A(Vul))or |z —y|¥ P JByp(eo) (€ +A(Vul))or |z —y|

(4.16)

Again we divide the last integral on the set {A > 1} and {A < 1} respectively
and we get that

A
/ (VuD|Vul - Po_dy < sup (|Vu|A(|Vu|))/ L
as1y (e + A(Vul)er [z -y Bay(wo) Bay(wo) 17 = Y7
while, following arguing as for I, being ar > r and A(|Vul)) < A(|Vul))"

/ A(|vu|)|vuLT (pp dx S sup (|Vu|1—r)/ (,Dp dz.
(a<1y (e +A(Vul))or |z —y| Bap(zo) Bap(zo) [T — I

Therefore we can state that there exists C3 > 0 such that

2/ A(Vu)[Vul[ Ve 1
Bap(ao) (€T A(Vul))or |z —y|¥

Pp dz < Cs
2p

and then
limsup |I5] < Cs.
§—0
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Now we proceed further observing that, with the same procedure, we can show that
there exists Cy > 0 such that

limsup |I2| < Cs.
6—0

It remain to consider I;: again Young inequality give us that

/ A(VuD A (Vul)|[Vu] [ D3]],
B2y (z0)

limsup || < ar ¢, dx

50 (e +A(Vul))or+t fo—yp
Cor o AQVIA(V) |Vl [P
o ar I NN T %
Boy(wo) (E+ A(VU)) T |z —y|2 (e + A(IVu]))> [z —yl=

r (A(Vul)>(A'(|Vul)?|Vul* | D2
<arlp+ — d
< arlp+ AT L2P(wo) (6+A(|vu‘))ar+2 |x_y|’y Pp AT

aerl/ (A(Vu))?  [|D%]]”
AT JBap(ao) (€ + A(VUD)) |2 —y[7

2
ol [ (TR D,
4t Ba, (o) A(IVU’D)OM |.23 - /y|’Y ’

<artlp+

<ppdx

<artlp +

As in previous cases, in the set {A < 1}, we easily get
2 2
[ 12 sy < I |2l
ar <‘OP T > L= <‘OP z
(a<iy A(IVul)or o =yl {a<1y A(|Va))7== |z —y|

L[ M) 122l g
= Jaey IVl o=y ¥

so we can use Theorem 4.2 with 5 = 0. On the set {A > 1},

/ (A(Vu])? || D%

as1y A(Vul))or o —y

|| D?ull
|z —y["

<p/27 dx

o2 dz < / A(Vul) " A(|Vu))
{A>1}

- A(Val) |[D%]”
< sup(A(|Vul|[Vu|")* ’"/ > dx
DATVUIVEID T | oy T |2y %7

hence we can use again Theorem 4.2 with 5 = n(1 — r). Summarizing we obtain
the existence of a constant C; > 0 such that

2
arM3

limsup || < artlp +
6—0

o (4.17)

Collecting all our estimates, from (4.12) and letting § — 0 we have for every
€(0,1)

1 047“M2 Cl CB
— 1 2de < — A 4L Oy + Oy + —=.
(enp) = (o + 1)r) -/sz(aco) (e + A(|Vul))or |z — ylvw” TETy Tttt

For 7 sufficient small such that (cx(p) — (ar+1)7) > 0, letting e — 0 and observing
that |Z,| = 0, we get by Fatou Lemma that
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2

2
©2 . ©y
dx < lim der <C
/sz(mo) A([Vul)or|e —y e=0 B, (xo) (€ + A(|Vul))o |z —y|7
(4.18)
where C = C(7, 8, h, ||Vl|so, ps o, @, M4, 2,7, C).
Hence, we obtain
1 1 1
dr < / <p2 dx <C.
/Bp(zo) (A(Vul)or o =yl Bay (o) (AIVU]))or |z —yr 77
Then, we obtain that
1 1
dz < C. (4.19)
/B,,(zo) (A(Vul))er |z —y|v

If 2 is a smooth domain and f is nonnegative in €2, by Hopf Lemma we get that
Z,, N O = (), then in a neighbourhood of 99, |Vu| is strictly positive. Arguing as
in [7, Theorem 4.2] we get (4.10).

O

Similarly to Theorem 4.6, we now show summability properties for A(|Vu|)~!
in the case 1 < p < 2.

Remark 4.7. If 1 < p < 2, we have that m4 < 0. In fact, by (2.1), one has that

Co [Vul—0
A(|Vul) > N> r +00

Then if [Vu| — 0, considering also [10, Proposition 4.1], we get

& m
|W|i_p < A(|Vul) < A1)|Vu|™4

and so my4 has to be necessarily negative. Therefore, from (4.2), we get that
a:=matl o
ma

Theorem 4.8. Let u € CH(Q\ {0}) N C%(Q\ (Z, U {0})) be a solution to (4.3)
with f € WH(Q) and f(z) > 0 in Bay(zo) C Q. Let us suppose that p € (1,2).
Then

1 1
<c (4.20)
/Jgp(xo) (A(IVul))or o =y
ma +1

,re€(0,1),y<N—-24f N>3,v=0if
ma

for any y € B,(xg), with o :=
N =2 and
C = C(’y757 hu ||VUHOO, P, To, Oy MA7 C2, T, C)

If Q) is a smooth domain and f is nonnegative in )

1 1
/@ (A(|Vul))or |z — y|7 <C (4.21)

ma+1
ma

foranyQ@Q\{O},yGQanda:: ,r€(0,1).
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Proof. Choose the same test function as in Theorem 4.6 (taking into account the
new value of «) and let us start from the inequality

Hs o2
en(p) / 0P gy <L+ |L| + |Ts] + s (4.22)
o0y (& AQVUD)

by using the same notations as in proof of Theorem 4.6.

Let £ > 0. To our goal, we will proceed in two different ways depending on whether
we work on the set Z := {x € By,(z) : d(x, Z,) < &} or By,(xo) \ Z5.

If € ZZ, by (2.1), there exists M > 1 such that A(|Vu(z)|) > M. Then, we will
use later the following estimate

(e + A(IVu]))™*" < (M + A(|Vul)) ™" < (M + A(|Vul))™* < 27A(|Vu|) ™%
(4.23)

while, if x € By,(zg) \ Z5 we have that  sup  A(|Vu(z)|) < +oc. Then, there
Bap(z0)\Z§
exists C € R such that

(e + A(|Vu|)) =" < 27 @r+D (c=or 4 A(|Vy|)=o") < C. (4.24)

By Young inequality ab < 7a? + %, we observe that

/ B(|Vu|) % g
Bay(ao) (€ + A(VU[)* 2 =y

</ Pp . <p,,B(|VuD
" IBap(wo) (e +A(IVu|)) = x—ylz

z—y|? (e +A(Vul)F
1 B?(|Vul) 02
<7lp+— P

P47 [,y (we) (e A(VUD) Tz =y

12 2 4 2
1t & A(Vu)Vul v}
AT By, (2y) (€ +A(Vu]))o" |z —y[7

et & A2(|Vul)|Vult ¢2
>~ F
A7 [y, (w22 (€ +A(IVul)or |z —y[7

C2 [ AXVu)|Vult

dzr

(4.25)

+ = :
17 Jye e+ AQVUD) Tz — gl
C? ©>
<+ S0 s (V' A2(Val) / L dy
AT 7 By, (wo)\22 By (20)\Z2 xr—ylY
C? ©>
A2 4A —a 14
* e [, AATDITU ANV 2
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By [10, Proposition 4.1] we have that A(|Vu|) < A(1)|Vu|™4 on Z then

/ B(va) @
Baptan) &+ ANV 2 = o

2 o2
<rlet SO s (Val'A%(Val) [ i
T Bap(xo)\Zg Ba,(z0)\ZE lz —yl

CQA 1)2—« Vu|mAat3 2
0 / V™ (4.26)
4r2e z: |z =yl
% 442 e5
<tlp+——C sup (|Vu["A*(|Vul)) T de
47— B2p($0)\Z,,€; sz(wo)\zi |x - y|"/
A2A 1 2—« 2
+ AT (1) sup |Vu\mA+3/ Ll dx.
4720 z: 2z |z — y|7
To conclude, we can assert that there exists a positive C'g such that
B(|Vul) 1 2 Cp
— prde < 7lp + —
/132,)(%) (e + A(Vul))or [z —y[r 77 Ar
hence by Fatou Lemma
C
limsup [Ip| < 71 + 4—3. (4.27)
§—0 T

Similarly, recalling that |V,| < %, we get

A(Vul)[Vul[Ve| ¢, 4 A(|Vul)[Vul ©p
2 d dz.
B Bay(wo) (€ +A(Vul))or |z -yl

(4.28)

T <
(@) (E+A(Vu))or |z—yp " T p

2p

Again we divide the last integral on the set Z¢ and Bs,(x¢) \ Z: respectively and
we get, using (4.23), that

A(Vu))[Vul o, - / A([Vul)' = Vulp,
de <27¢ dx
/Z,g (e +A(IVul))or |z —y[7 z lz —y|

g
u

ma(l—a)
S 2—aA(1)1—a/ |vu| |VU|<Pp dr = 2—aA(1)1—a/ Pp x
Z |z —y[7 zz lv =y

while, using (4.24) we get

/ A(Vu)|Vu| o,
Bap(zo)\z2 (€ + A(Vul))or [z —y|7

<C s (AQVaDIVal) [ ik

Bap(20)\Z5 Bop(wo)\zz [T =yl
Therefore we can state that there exists C3 > 0 such that

o[ ATy
Bapteo) (E+ ANV o=yl

Pp dx < 03

and then
limsup |I5] < Cs.
§—0
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Now we proceed further observing that, with the same procedure, we can show that
there exists Cy > 0 such that

limsup |Iz] < Cs.
§—0

It remain to consider I;: again Young inequality give us that

/ A(Vu)[A'(|Vu])[[Vu] [[D?u]]
Ba, (o)

limsup || < ar
6—0

2
d
(e + A(Vu))ertt Je—yp PP

o 1 A(Vu)|A (V) |[Val [[D?u]
- ar 7 Pp A ar 1] 7 Ppax
Bayen) £+ A(VU)F [z —y 27" (e +A(VU))FH o —y|3

20 7/ 2 2 || D2ylI?
Carlp 4 o7 / ANV (A (e[ 7 |D?ul]
Bay(z0) (5 + A(‘VUD) |.7J - y|7

.
arM3 / (A(Vu))> [P
7 Jouyton) &+ AQVUD) | — g

gpi dx

< artlp+ <p§ dz.

As in previous cases, using (4.24) and choosing 7 as in Remark 4.1, we easily get

2
/ (A(Vu))?  ||D?u|| o2 di
Bap(@onzz (€ + A(Vul))or [z —y[r 7°

2
. C/ A(|Vul) || D?u|
Bay@onz: |Vullz —y|7

so we can use Theorem 4.2 and Remark 4.1 to conclude that this term is finite. On
the set ZZ, by (4.23), one has

/st AGVub? _[D2ull” o 0 gear / A(|Vul) || D?ul]

A(|Vu])|[Vul? gpi dx

A(|Vu|)1_0” cp?)dx

e+ A(|Vul)or |z =y ze  le—yP
~ - A(|Vul]) || D2 -
ar l—ar ma(l—ar) 2
< 27TA(1) /ZZ P | V|4 @y dx
A(|Va)) || D2

2
|z — y[ | Vu|mater—D) @, dx

— 2farA(1)17ar/

z
hence we can use again Theorem 4.2 with 8 = m4(ar —1). Summarizing we obtain
the existence of a constant C; > 0 such that

M2
limsup |I1]| < artlp + ar A04. (4.29)

§—0 4t

Collecting all our estimates, from (4.22) and letting § — 0 we have for every
re(0,1)

1
(Ch(p) - (OZ’I"—F 1)7) /B2P(IO) (E —|—A(|Vu|))m\x — y|7

(pidxfé1+02+03—|—ég.

For 7 sufficient small such that (¢, (p) — (ar +1)7) > 0, letting € — 0 and recalling
that |Z,| = 0, we get by Fatou Lemma that
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gp% <p,2) dx
dzr < lim <C (4.30)
/ng(xg) A(|Vul)or|z —y| e=0 /By, (n0) (€ + A(IVu))*" [z —y|

where C = C(v, 8, h, ||Vul|so, p, To, ¢, M 4, ca, T, C).
Therefore, we obtain

1 1 1
< 2dx < C.
oo T 9792 = o A5 <€
i.e. the claim.
If 2 is a smooth domain and f is nonnegative in €2, by Hopf Lemma we get that
Z, NOQ =0, then in a neighbourhood of 99, |Vu| is strictly positive. Arguing as
in [7, Theorem 4.2] we get (4.21). O

Theorem 4.6 and 4.8 state that in case of A(t) = t*=2 for p > 1, we exactly
find [14, Theorem 2.3]; the same choice made in [7, Theorem 4.2] for p > 2 give
us a closer interval for the power a and a different interval for p € (1,2). The
summability properties obtained in this section can be exploited e.g. in the study
of geometric qualitative properties of the solutions, see [8]. Here we emphize some
further regularity consequences in the following

Proposition 4.9. Let Q be a smooth domain, Q € Q\ {0}, u € C* (2 {0}) be a
weak solution to (4.3) and suppose that f is nonnegative and f € WH>°(Q). Then

1
luij| € L*(Q) if 1 <p < 3. If p>3, then |u;;| € LI(Q )wzthq<pi2
p

Proof. By Remark 4.5, for every g < 1 we have

27’3 U5 € LQ(Q>

Then, if 1 < p < 3 we can choose 8 such that p —2 — 3 < 0 obtaining that
Ujj € L2(Q)

Instead, for the case p > 3, by Holder inequality with conjugate exponents % and

Q%q, for n € [0,1) we can apply Remark 4.5, obtaining

R /wm (IVa)? |Vul*
iJ _ nq a
VulF A Vu)?

( Juig PA(V)) ) / Va7 )T
o [Vaulr o A(|Vul) 7

2—gq 2—gq

C3 /A(|vu|)(2q):p2) dx = C? / 1q — dw .
a  A(|Vu|)Ta a A(|Vu|)77 (1= 72=)

For the last integral, we show that if ¢ < ;%, we can choose n € [0,1) such that

q 7 p—1
— (1-—= i 4.31
2—q< p—2)<p—2’ (4.31)

IA

IN

hence, exploiting Theorem 4.6, we get
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In fact, let be consider € > 0 and ¢ = pﬁ;}ra < ]% in (4.31). Observing that

q< Z%; < 2, the left-hand side of (4.31) becomes

¢ (y__n \_p=-1l(ip=2-1m
2—q p—2 p—2\p—3+2¢)

Choosing 1 > 1 — 2¢, we get that

pP—2-1
— | <1
(p -3+ 25)
hence, for this choice of 7, (4.31) is verified. Therefore, |u;;| € LY() with ¢ <
p—1

p—2

O
Arguing as in [14, Proposition 2.2], the following can be proved:

Theorem 4.10. Let Q be a smooth domain, u € C'(Q\ {0}) be a weak solution
o (4.3), f € WL*(Q) and f nonnegative function. Then if 1 < p < 3, u; €
Wllof(ﬂ \ {0}), while if p > 3 then u; € Wllo’cq(Q \ {0}), for every i =1,..,N and

for every q < piz Moreover the generalized derivatives of u; coincide with the

classical ones, both denoted with u;; almost everywhere in (.

Remark 4.11. Since g < 5%; < 2, by Theorem 4.10, we have that for every i =
1,..,N
u; € WEI(Q\ {0}) for 1< p< oc.
By Stampacchia Theorem [33, Theorem 1.56], we get that
Vu; =0 a.e. in {u; =0}, fori=1,...,N.

Then, the choice to set zero the second derivatives of u in (4.1) is completely
justified.
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