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Abstract. In a very general quasilinear setting, we show that the regularizing
e�ect of a �rst order term causes the existence of energy solutions for problems
involving the Hardy potential and L1 data. In the same setting we study sharp
(local and global) integral estimates for the second derivatives of the solutions.

1. Introduction

The aim of this paper is to study the existence and regularity of positive weak
solutions to the nonlinear quasilinear elliptic equation

−div (A(|∇u|)∇u) +B(|∇u|) = ϑ
uq

|x|p
+ f in Ω,

u ≥ 0 in Ω,

u = 0 on ∂Ω,

(1.1)

where Ω is a smooth bounded domain in RN , 0 ∈ Ω, ϑ > 0, p ∈ (1, N), q ∈ (p−1, p),
f ≥ 0 and f ∈ L1(Ω).
The real function A : R+ → R+ is assumed to be of class C1(R+) and ful�lls the
following assumptions

• t 7→ tA(t) is an increasing function; (1.2)

• ∃K ≥ 1 : ∀η ∈ RN with |η| ≥ K, |A(|η|)η| ≤ c1|η|p−1; (1.3)

• ∀η, η′ ∈ RN , [A(|η|)η −A(|η′|)η′] · [η − η′] ≥ c2(|η|+ |η′|)p−2|η − η′|2. (1.4)

We set R+
:= R+ ∪ {0}. The real function B : R+ → R+

is of class C1(R+
) and it

satis�es

• B(0) = 0; (1.5)

• B(t) ≥ σ tp for some σ > 0; (1.6)

• B′(t) ≤ ĈtA(t) for some Ĉ > 0,∀t ∈ R+. (1.7)

Let us start making explicit what we means by positive weak solution and stating
our main result:
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De�nition 1.1. We say that u is a weak solution to

−div (A(|∇u|)∇u) +B(|∇(u)|) = ϑ
uq

|x|p
+ f in Ω,

if u ∈W 1,p
0 (Ω) and∫

Ω

A(|∇u|)(∇u,∇ϕ) dx+

∫
Ω

B(|∇u|)ϕdx = ϑ

∫
Ω

uq

|x|p
ϕdx+

∫
Ω

fϕ dx

∀ϕ ∈W 1,p
0 (Ω) ∩ L∞(Ω).

Theorem 1.2. Let f ∈ L1(Ω) a positive function; then for every ϑ > 0 there exists

a weak solution u ∈W 1,p
0 (Ω) to (1.1).

This result is proved in the Section 3.
Let us observe that one immediately recognized that the choices A(t) = tp−2 and
B(t) = tp leads to the supercritical problem

−div
(
|∇u|p−2∇u

)
+ |∇u|p = ϑ

uq

|x|p
+ f in Ω,

u ≥ 0 in Ω,

u = 0 on ∂Ω,

(1.8)

for which existence and qualitative properties are proved in [22]. Moreover taking
into account [2, 12, 13] we remark that our positive weak solutions are solutions
obtained as limits of approximations (SOLA) and therefore (in our case) equivalent
to the entropy solutions.
The main elements of the proof are summarized in what follows.

• In order to prove the existence of a solution uk for the truncated problem

−div(A(|∇uk|)∇uk) +B(|∇uk|) = ϑTk

(
uqk
|x|p

)
+ Tk(f) in Ω.

we construct a sequence (wn)n∈N of solutions to the problem

−div (A(|∇wn|)∇wn) +
B(|∇wn|)

1 + 1
nB(|∇wn|)

= ϑTk

(
wqn−1

|x|p

)
+ Tk(f) in Ω

and we prove that (wn)n∈N W
1,p
0 (Ω)−converges to uk.

• We prove that the sequence (uk)k∈N of solutions of the family of truncated

problem weak converges in W 1,p
0 (Ω) to a function u. This will imply the

W 1,p
0 (Ω)−convergence of Tm(uk) to Tm(u) uniformly on m and �nally this

will permit to get an a.e.- pointwise convergence of ∇uk to ∇u.
• We prove that (uk)k∈N strongly converges to u and moreover that u is the
positive weak solution to our problem.

Solvability of Problem (1.1) already in the p−Laplacian case depends of the
position of the origin with respect to the domain. This is proved in [15, 23] for
p = 2 and in [1, 21] for p > 1. It is proved in [1] that if the origin belongs to the
interior of Ω we have no solutions even in entropic sense; for this reason in [21]
the authors consider 0 ∈ ∂Ω. In this case the existence of solutions turns to be
depending on the presence of the source and then on the geometry of the domain.

In this paper we consider 0 ∈ Ω but the attendance of a suitable term involving
the gradient, leads a regularizing e�ect that permits to prove the existence of a
solution.
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The second part of the paper (developed in Section 4) is devoted to obtain some
summability properties of the gradient as well as the second derivatives of the
solutions of (1.1). In this section we need a further hypothesis on A(t) that is

− 1 < inf
t>0

tA′(t)

A(t)
=: mA ≤MA := sup

t>0

tA′(t)

A(t)
< +∞. (1.9)

Therefore the main results of this section can be included in the following

Theorem 1.3. Assume 1 < p < N and that (1.2)-(1.4), (1.5)-(1.7) and (1.9) are

in force. Consider u ∈ C1,α
loc (Ω̄\{0})∩C2(Ω\ (Zu∪{0})) a solution to (4.3), where

f ∈W 1,∞(Ω̄). We have∫
E\Zu

A(|∇u|)|∇ui|2

|x− y|γ |ui|β
dx ≤ C ∀i = 1, ..., N

for any E b Ω \ {0} and uniformly for any y ∈ E, with
C := C(γ,mA,MA, β, h, ‖∇u‖∞, ρ)

for 0 ≤ β < 1 and γ < (N − 2) if N ≥ 3 (γ = 0 if N = 2).

Moreover, if we also assume that Ω is a smooth domain and f is nonnegative in Ω,
we have that ∫

Ω\(Zu∪{0})

A(|∇u|)|∇ui|2

|x− y|γ |ui|β
dx ≤ C ∀i = 1, ..., N.

Here the set Zu represents the set of critical points of u and we refer the readers to
Section 3.2 for a discussion regarding the assumption u ∈ C1,α

loc (Ω̄ \ {0}) ∩ C2(Ω \
(Zu ∪{0})). Furthermore we emphasize that in all our regularity results we require
f ∈W 1,∞(Ω̄).

As a corollary of this result we will prove that the Lebesgue measure of Zu is
zero, as in the natural case of p−Laplacian.

Theorem 1.4. Assume 1 < p < N and that (1.2)-(1.4), (1.5)-(1.7) and (1.9) are
in force.
Let u ∈ C1,α(Ω \ {0})∩C2(Ω \ (Zu ∪{0})) be a solution to (4.3) with f ∈W 1,∞(Ω)
and f(x) > 0 in B2ρ(x0) ⊂ Ω \ {0}. Then∫

Bρ(x0)

1

(A(|∇u|))αr
1

|x− y|γ
dx ≤ C

for any y ∈ Bρ(x0), with α :=
p− 1

p− 2
if p > 2 and α :=

mA + 1

mA
if p ∈ (1, 2),

r ∈ (0, 1), γ < N − 2 if N ≥ 3, γ = 0 if N = 2 and

C = C(γ, η, h, ||∇u||∞, ρ, x0, α,MA, c2, τ, Ĉ).

If Ω is a smooth domain and f is nonnegative in Ω∫
Ω̃

1

(A(|∇u|))αr
1

|x− y|γ
dx ≤ C.
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where Ω̃ b Ω \ {0} and y ∈ Ω̃.

These results can be framed in the research topic introduced in [14]; here the au-
thors proved summability properties for the gradient and second derivative for pos-
itive solutions of p−Laplacian equations. The aim is obtain Sobolev and Poincaré
type inequalities in weighted Sobolev spaces with weight A(|∇u|) and to apply
them to the study of monotonicity and symmetry of solutions based on moving
plane method. Since then, these ideas have been exploited, developed and detailed
in many papers as [7, 17, 22] and much more. Our results can be easily compared
with those in [7, 17].
From Theorem 1.3 and 1.4, we obtain this result:

Theorem 1.5. Assume 1 < p < N and that (1.2)-(1.4), (1.5)-(1.7) and (1.9) are
in force. Let Ω be a smooth domain, u ∈ C1(Ω̄ \ {0}) be a weak solution to (4.3),

f ∈W 1,∞(Ω̄) and f nonnegative function. Then if 1 < p < 3, ui ∈W 1,2
loc (Ω \ {0}),

while if p ≥ 3 then ui ∈ W 1,q
loc (Ω \ {0}), for every i = 1, ..., N and for every

q <
p− 1

p− 2
. Moreover the generalized derivatives of ui coincide with the classical

ones, both denoted with uij almost everywhere in Ω.

The additional hypothesis (1.9) is well known and we can �nd it, for instance, in
[7, 9, 10, 11, 17]. Let us remark that our setting (1.3)-(1.4)-(1.9) on A(t) is satis�ed,
as for example, by A(t) = tp−2 + btq−2 with 1 < q < p and b > 0; this particular
choice for the operator A(t) �nds application to the study of double-phase equations

−div
(
|∇u|p−2∇u+ b|∇u|q−2∇u

)
+B(|∇u|) = ϑ

uq

|x|p
+ f in Ω.

2. Preliminaries

In this section, brie�y, we enclose some de�nitions, results and remarks that it
will be useful in the rest of the paper. From now on, in order to get a readable
notation, generic numerical constant will be denoted by c and will be allowed to
vary within a single line or formula. Moreover, Moreover we denote with f+ :=
max{f, 0} and f− := min{f, 0}.

Remark 2.1. With respect to the setting (1.2)-(1.7), we observe that:

• If η′ = 0, the inequality (1.4) becomes

A(|η|)|η|2 ≥ c2|η|p. (2.1)

Moreover, if η, η′ ∈ RN , since |η − η′| ≤ |η|+ |η′|, by (1.4) it follows

[A(|η|)η −A(|η′|)η′] · [η − η′] ≥ c2|η − η′|p if p ≥ 2. (2.2)

• By (1.2), we get that

lim
t→0+

tA(t) < +∞. (2.3)

Then, if 0 < t < K there exists a constant CK := C(K) > 0 such that

|tA(t)| ≤ CK . (2.4)

• By (1.2), (1.5) and (1.7), we have that for ξ ∈ [0, t]

B(t) =

∫ t

0

B′(s) ds ≤ ĈtξA(ξ) ≤ Ĉt2A(t). (2.5)
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De�nition 2.2. We say that u is a weak supersolution to Problem (1.1) if u ∈
W 1,p

0 (Ω) and∫
Ω

A(|∇u|)(∇u,∇ϕ) dx+

∫
Ω

B(|∇u|)ϕdx ≥ ϑ

∫
Ω

uq

|x|p
ϕdx+

∫
Ω

fϕ dx

∀ϕ ∈W 1,p
0 (Ω) ∩ L∞(Ω), ϕ ≥ 0.

We say that u is a weak subsolution if u ∈W 1,p
0 (Ω) and∫

Ω

A(|∇u|)(∇u,∇ϕ) dx+

∫
Ω

B(|∇u|)ϕdx ≤ ϑ

∫
Ω

uq

|x|p
ϕdx+

∫
Ω

fϕ dx

∀ϕ ∈W 1,p
0 (Ω) ∩ L∞(Ω), ϕ ≥ 0.

A main tool will be the following

Lemma 2.3. (Hardy-Sobolev inequality) Suppose 1 < p < N and u ∈ W 1,p(RN ).
Then we have ∫

RN

|u|p

|x|p
dx ≤ CN,p

∫
RN
|∇u|p dx

with CN,p =
(

p
N−p

)p
optimal and not achieved constant.

3. Existence of an energy solution

3.1. Existence of solutions to the truncated problem.

In this subsection, we are going to study the existence of a solution uk ∈ W 1,p
0 (Ω)

to the truncated problem

− div(A(|∇uk|)∇uk) +B(|∇uk|) = ϑTk

(
uqk
|x|p

)
+ Tk(f) in Ω, (3.1)

where

Tk(s) = max{min{k, s},−k}, k > 0. (3.2)

We observe that, since (1.5) holds, φ ≡ 0 is a subsolution to (3.1).
By [3, Theorem 4.1] and by classical Stampacchia argument, there exists a solu-

tion ψ ∈W 1,p
0 (Ω) ∩ L∞(Ω) to the following problem{

−div(A(|∇ψ|)∇ψ) = ϑk + Tk(f) in Ω,

ψ = 0 on ∂Ω,
(3.3)

that turns to be a supersolution to the problem (3.1). In fact, let ϕ ∈ W 1,p
0 (Ω) ∩

L∞(Ω) and ϕ ≥ 0, we have∫
Ω

A(|∇ψ|)(∇ψ,∇ϕ) dx+

∫
Ω

B(|∇ψ|)ϕdx ≥
∫

Ω

A(|∇ψ|)(∇ψ,∇ϕ) dx

= ϑ

∫
Ω

kϕdx+

∫
Ω

Tk(f)ϕdx ≥ ϑ

∫
Ω

Tk

(
ψq

|x|p

)
ϕdx+

∫
Ω

Tk(f)ϕdx

In order to prove the existence of solutions to the problem (1.1) is useful to
consider a sequence of approximated problems. We take as starting point w0 = 0
and consider iteratively the problems



EXISTENCE AND REGULARITY FOR QUASILINEAR ELLIPTIC PROBLEMS 6

−div (A(|∇wn|)∇wn) +
B(|∇wn|)

1 + 1
nB(|∇wn|)

= ϑTk

(
wqn−1

|x|p

)
+ Tk(f) in Ω,

wn = 0 on ∂Ω.

(3.4)
We observe that φ ≡ 0 and the supersolution ψ to problem (3.1) are respectively
subsolution and supersolution to the problem (3.4).
Then, using the same argument in [5, Theorem 2.1], it can be proved the following:

Proposition 3.1. There exists wn ∈ W 1,p
0 (Ω) ∩ L∞(Ω) solution of the problem

(3.4). Moreover, 0 ≤ wn ≤ ψ ∀n ∈ N.

Next, we prove the following theorem:

Theorem 3.2. There exists a positive solution to the problem

−div(A(|∇uk|)∇uk) +B(|∇uk|) = ϑTk

(
uqk
|x|p

)
+ Tk(f) in Ω.

Proof. We proceed in two steps.

Step 1: We show the weak convergence of {wn}n∈N in W 1,p
0 (Ω).

Let us set

Hn (B(|∇wn|)) :=
B(|∇wn|)

1 + 1
nB(|∇wn|)

.

Considering that wn ∈W 1,p
0 (Ω) ∩ L∞(Ω), we can take wn as a test function in the

approximated problems (3.4) obtaining∫
Ω

A(|∇wn|)|∇wn|2 dx+

∫
Ω

Hn(B(|∇wn|))wn dx

= ϑ

∫
Ω

Tk

(
wqn−1

|x|p

)
wn dx+

∫
Ω

Tk(f)wn dx

≤ ϑ
∫

Ω

kwn dx+

∫
Ω

fwn dx ≤ C(k, f, ψ, ϑ,Ω)

where C(k, f, ψ, ϑ,Ω) is a positive constant.
Since Hn(B(|∇wn|)) is a positive function, from inequality (2.1), we have that

c2

∫
Ω

|∇wn|p dx ≤
∫

Ω

A(|∇wn|)|∇wn|2 dx ≤ C(k, f, ψ, ϑ,Ω). (3.5)

Then ‖wn‖W 1,p
0 (Ω) is uniformly bounded so, up to a subsequence, we have that

wn ⇀ ūk in W 1,p
0 (Ω) and wn ⇀ ūk in Lp(Ω),

wn *⇀ uk in L∞(Ω).

We observe that uk = ūk: in fact, by de�nition of weak and weak-* convergence we
get that ∫

Ω

wnϕdx
n→+∞−−−−−→

∫
Ω

ūkϕdx ∀ϕ ∈ Lp
′
(Ω)∫

Ω

wnϕdx
n→+∞−−−−−→

∫
Ω

ukϕdx ∀ϕ ∈ L1(Ω)
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but, since p′ = p
p−1 > 1, the last limit holds also for ϕ ∈ Lp′(Ω), so uk = ūk and

uk ∈W 1,p
0 (Ω) ∩ L∞(Ω).

Step 2: We show the strong convergence of {wn}n∈N in W 1,p
0 (Ω).

To get the strong convergence in W 1,p
0 (Ω), using Minkowski inequality, it follows

that

‖wn − uk‖W 1,p
0 (Ω) ≤

∥∥(wn − uk)+
∥∥
W 1,p

0 (Ω)
+
∥∥(wn − uk)−

∥∥
W 1,p

0 (Ω)
. (3.6)

We �rst consider the asymptotic behaviour of ‖(wn − uk)+‖W 1,p
0 (Ω).

Choosing (wn − uk)+ as test function in (3.4), we have

∫
Ω

A(|∇wn|)(∇wn,∇(wn − uk)+) dx+

∫
Ω

Hn(B(|∇wn|))(wn − uk)+ dx

= ϑ

∫
Ω

Tk

(
wqn−1

|x|p

)
(wn − uk)+ dx+

∫
Ω

Tk(f)(wn − uk)+ dx.

(3.7)

Since wn ⇀ uk in W 1,p
0 (Ω), using the compact Sobolev embedding we obtain

wn → uk in Lp(Ω) with p ∈ [1, p∗) and then, up to subsequence we obtain that
wn → uk a.e. in Ω. Moreover (wn − uk)+ → 0 a.e. in Ω.

By dominated convergence theorem , the right-hand side of (3.7) goes to zero

when n goes to in�nity. Since

∫
Ω

Hn(B(|∇wn|))(wn − uk)+ dx ≥ 0, (3.7) becomes∫
Ω

A(|∇wn|)(∇wn,∇(wn − uk)+) dx ≤ o(1) as n→ +∞. (3.8)

Furthermore, let us observe that (wn − uk)+ ⇀ 0 in W 1,p
0 (Ω) implies that∫

Ω

A(|∇uk|)(∇uk,∇(wn − uk)+) dx = o(1) as n→ +∞. (3.9)

In fact, the operator

v 7→
∫

Ω

A(|∇uk|)(∇uk,∇v) dx

is linear and continuous because, by (1.3) and (2.4), we have

∣∣∣∣∣
∫

Ω

(A(|∇uk|)∇uk,∇v) dx

∣∣∣∣∣ ≤
(∫

Ω

|A(|∇uk|)∇uk|
p
p−1 dx

) p−1
p
(∫

Ω

|∇v|p dx
) 1
p

≤

(
C

p
p−1

K |Ω ∩ {|∇uk| < K}|+ c

∫
Ω∩{|∇u|≥K}

|∇uk|p dx

) p−1
p (∫

Ω

|∇v|p dx
) 1
p

< +∞.

Then, using (3.9), we write (3.8) as∫
Ω

[A(|∇wn|)∇wn −A(|∇uk|)∇uk] · ∇(wn − uk)+ dx ≤ o(1).
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Using (1.4), we get

0 ≤ c2
∫

Ω

(|∇wn|+ |∇uk|)p−2|∇(wn − uk)+|2 dx

≤
∫

Ω

[A(|∇wn|)∇wn −A(|∇uk|)∇uk] · ∇(wn − uk)+ dx ≤ o(1),

hence∫
Ω

[A(|∇wn|)∇wn −A(|∇uk|)∇uk] · ∇(wn − uk)+ dx = o(1) as n→ +∞.

By (1.4) and (2.2), we obtain

o(1) =

∫
Ω

[A(|∇wn|)∇wn −A(|∇uk|)∇uk] · ∇(wn − uk)+ dx

≥


c2

∫
Ω

|∇(wn − uk)+|2

(|∇wn|+ |∇uk|)2−p dx if 1 < p < 2,

c2

∫
Ω

|∇(wn − uk)+|p dx if p ≥ 2.

(3.10)

We consider two di�erent case:

• If p ≥ 2, by (3.10) we have

∥∥(wn − uk)+
∥∥
W 1,p

0 (Ω)
= o(1) as n→ +∞. (3.11)

• If 1 < p < 2,∫
Ω

|∇(wn − uk)+|p dx =

∫
Ω

|∇(wn − uk)+|p

(|∇wn|+ |∇uk|)
p(2−p)

2

(|∇wn|+ |∇uk|)
p(2−p)

2 dx.

By Hölder inequality and (3.10), we obtain

∫
Ω

|∇(wn − uk)+|p dx

≤

(∫
Ω

|∇(wn − uk)+|2

(|∇wn|+ |∇uk|)2−p dx

) p
2
(∫

Ω

(|∇wn|+ |∇uk|)p dx

) 2−p
p

= o(1).

Then ∥∥(wn − uk)+
∥∥
W 1,p

0 (Ω)
= o(1) as n→ +∞. (3.12)

In order to complete the asymptotic behaviour of (3.6), let us consider e−Ĉwn [(wn−
uk)−] as test function in (3.4), where Ĉ is the positive constant in (1.7).∫

Ω

A(|∇wn|)(∇wn,∇(e−Ĉwn [(wn − uk)−])) dx

+

∫
Ω

Hn(B(|∇wn|))e−Ĉwn [(wn − uk)−] dx

= ϑ

∫
Ω

e−ĈwnTk

(
wqn−1

|x|p

)
(wn − uk)− dx+

∫
Ω

e−ĈwnTk(f)(wn − uk)− dx.
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Then∫
Ω

e−ĈwnA(|∇wn|)(∇wn,∇(wn − uk)−) dx

+

∫
Ω

e−Ĉwn
[
Hn(B(|∇wn|))− ĈA(|∇wn|)|∇wn|2

]
(wn − uk)− dx

= ϑ

∫
Ω

e−ĈwnTk

(
wqn−1

|x|p

)
(wn − uk)− dx+

∫
Ω

e−ĈwnTk(f)(wn − uk)− dx.

(3.13)

By (2.5), we have that

Hn(B(|∇wn|))− ĈA(|∇wn|)|∇wn|2 ≤ B(|∇wn|)− ĈA(|∇wn|)|∇wn|2 ≤ 0

then ∫
Ω

e−Ĉwn
[
Hn(B(|∇wn|))− ĈA(|∇wn|)|∇wn|2

]
(wn − uk)− dx ≥ 0.

As above, since (wn−uk)− → 0, by dominated convergence theorem, the right-hand
side of (3.13) tends to zero when n goes to in�nity.

So, the equation (3.13) becomes∫
Ω

e−ĈwnA(|∇wn|)(∇wn,∇(wn − uk)−) dx ≤ o(1). (3.14)

Since (wn − uk)− ⇀ 0 for n→ +∞,∫
Ω

A(|∇wn|)(∇wn,∇(wn − uk)−) dx

=

∫
Ω

(A(|∇wn|)∇wn −A(|∇uk|)∇uk,∇(wn − uk)−) dx

+

∫
Ω

A(|∇uk|)(∇uk,∇(wn − uk)−) dx

=

∫
Ω

eĈwne−Ĉwn(A(|∇wn|)∇wn −A(|∇uk|)∇uk,∇(wn − uk)−) dx+ o(1).

(3.15)

By Proposition 3.1, 0 ≤ wn ≤ ψ, therefore one has that eĈwn ≤ eĈψ =: γ > 0
uniformly on n being ψ ∈ L∞(Ω). Then, using (1.4) and (3.14), we estimate (3.15)
as

∫
Ω

A(|∇wn|)(∇wn,∇(wn − uk)−) dx

=

∫
Ω

eĈwne−Ĉwn(A(|∇wn|)∇wn −A(|∇uk|)∇uk,∇(wn − uk)−) dx+ o(1)

≤ γ
∫

Ω

e−Ĉwn(A(|∇wn|)∇wn −A(|∇uk|)∇uk,∇(wn − uk)−) dx+ o(1)

≤ −γ
∫

Ω

e−ĈwnA(|∇uk|)(∇uk,∇(wn − uk)−) dx+ o(1).

(3.16)

Now, we estimate the right hand-side of (3.16) in this way:
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∫
Ω

e−ĈwnA(|∇uk|)(∇uk,∇(wn − uk)−) dx

=

∫
Ω

e−Ĉ(wn−uk)−e−ĈukA(|∇uk|)(∇uk,∇(wn − uk)−) dx

= − 1

Ĉ

∫
Ω

e−ĈukA(|∇uk|)(∇uk,∇(e−Ĉ(wn−uk)− − 1)) dx

(3.17)

Since {e−Ĉ(wn−uk)−−1}n∈N is uniformly bounded inW 1,p
0 (Ω), up to a subsequence

there exists g ∈W 1,p
0 (Ω) such that

e−Ĉ(wn−uk)− − 1 ⇀ g as n→ +∞. (3.18)

In particular we note that g ≡ 0 since wn → uk a.e. in Ω as n→ +∞.
Hence, by (3.18), for n→ +∞∫

Ω

e−ĈukA(|∇uk|)(∇uk,∇(e−Ĉ(wn−uk)− − 1)) dx→ 0. (3.19)

Then, using (3.17) and (3.19) in (3.16), one has∫
Ω

A(|∇wn|)(∇wn,∇(wn − uk)−) dx ≤ o(1).

Arguing in the same way as we have done from equation (3.8) to (3.12), we obtain
that ∥∥(wn − uk)−

∥∥
W 1,p

0 (Ω)
→ 0 as n→ +∞. (3.20)

Summarizing up, from (3.6) we get that

‖wn − uk‖W 1,p
0 (Ω) → 0 as n→ +∞ (3.21)

Up to a subsequence, |∇wn| → |∇uk| a.e. in Ω and there exists v(x) ∈ L1(Ω) such
that |∇wn|p ≤ v(x) a.e. in Ω.
Since B is continuous, we get that

lim
n→+∞

Hn(B(|∇wn|)) = lim
n→+∞

B(|∇wn|)
1 + 1

nB(|∇wn|)
= B(|∇uk|) a.e. in Ω.

Moreover, if E ⊂ Ω is a measurable set, by (2.5), (1.3) and (2.4), we have∫
E

Hn(B(|∇wn|)) dx ≤
∫
E

B(|∇wn|) dx ≤ Ĉ
∫
E

|A(|∇wn|)||∇wn|2 dx

≤ KCKĈ|E ∩ {|∇wn| < K}|+ c1Ĉ

∫
E∩{|∇wn|≥K}

|∇wn|p dx

≤ KCKĈ|E|+ c1Ĉ

∫
E

v(x) dx

and, since v(x) ∈ L1(Ω), we get that Hn(B(|∇wn|)) is uniformly integrable.

Using Vitali Theorem we have

Hn(B(|∇wn|))→ B(|∇uk|) in L1(Ω).
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To conclude the proof, passing to the limit in weak formulation of problem (3.4),

we obtain that uk ∈W 1,p
0 (Ω) ∩ L∞(Ω) satis�es∫

Ω

A(|∇uk|)(∇uk,∇ϕ) dx +

∫
Ω

B(|∇uk|)ϕdx

= ϑ

∫
Ω

Tk

(
uqk
|x|p

)
ϕdx+

∫
Ω

Tk(f)ϕdx ∀ϕ ∈W 1,p
0 (Ω) ∩ L∞(Ω),

hence uk is a positive weak solution to the problem (3.1). �

3.2. Existence of solutions to the problem (1.1).
In order to prove the existence of solution to the problem (1.1), we exploit the
following Lemma (see [22]).

Lemma 3.3. Let ψn(s) de�ned as

ψn(s) =

∫ s

0

Tn(t)
1
p dt. (3.22)

For �xed q ∈ [p− 1, p),∀ε > 0 and ∀n > 0, there exists Cε such that

sqTn(s) ≤ εψpn(s) + Cε, s ≥ 0. (3.23)

Next we prove our main Theorem 1.2.

Theorem 1.2. Let f ∈ L1(Ω) a positive function; then for every ϑ > 0 there

exists a weak solution u ∈W 1,p
0 (Ω) to (1.1).

Proof. Again our proof is divided in steps.
Step 1: We show the weak convergence of {uk}k∈N in W 1,p

0 (Ω).
Taking as function test Tn(uk) in the truncated problem (3.1), we obtain∫

Ω

A(|∇uk|)(∇uk,∇Tn(uk)) dx+

∫
Ω

B(|∇uk|)Tn(uk) dx

= ϑ

∫
Ω

Tk

(
uqk
|x|p

)
Tn(uk) dx+

∫
Ω

Tk(f)Tn(uk) dx.

By (3.22) we have that |∇ψn(uk)|p = Tn(uk)|∇uk|p and since uk is a positive
function, we get

Tk

(
uqk
|x|p

)
≤

uqk
|x|p

.

Then ∫
Ω

A(|∇uk|)(∇uk,∇Tn(uk)) dx +

∫
Ω

B(|∇uk|)Tn(uk) dx

≤ ϑ
∫

Ω

uqk
|x|p

Tn(uk) dx+ n

∫
Ω

f dx.

(3.24)

Using Lemma 3.3 and Lemma 2.3, the equation (3.24) becomes∫
Ω

A(|∇Tn(uk)|)|∇Tn(uk)|2 dx +

∫
Ω

B(|∇uk|)Tn(uk) dx

≤ ϑ
∫

Ω

(εψpn(uk) + Cε)
1

|x|p
dx+ n ‖f‖1

≤ ϑεCN,p
∫

Ω

|∇ψn(uk)|p dx+ ϑCε

∫
Ω

1

|x|p
dx+ n ‖f‖1 .

(3.25)
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Using (1.6) and (2.1), equation (3.25) becomes

c2

∫
Ω

|∇Tn(uk)|p dx + σ

∫
Ω

|∇ψn(uk)|p dx

≤ ϑεCN,p
∫

Ω

|∇ψn(uk)|p dx+ ϑCε

∫
Ω

1

|x|p
dx+ n ‖f‖1

and since Ω is a bounded set and p < N we get

c2

∫
Ω

|∇Tn(uk)|p dx + (σ − ϑεCN,p)
∫

Ω

|∇ψn(uk)|p dx ≤ C(n, ε, p, f, ϑ,Ω).

If we choose 0 < ε <
σ

ϑCN,p
, by setting C̃ := σ − ϑεCN,p > 0, we get

∫
Ω

|∇Tn(uk)|p dx +
C̃

c2

∫
Ω

|∇ψn(uk)|p dx ≤ C(n, f, p, c2, σ, ϑ, CN,p,Ω). (3.26)

Fixed l ≥ c2

C̃
, since |∇ψl(uk)|p = Tl(uk)|∇uk|p = l|∇uk|p on Ω∩{uk ≥ l} and using

(3.26), one has∫
Ω

|∇uk|p dx =

∫
Ω∩{uk≤l}

|∇uk|p dx+

∫
Ω∩{uk≥l}

|∇uk|p dx

=

∫
Ω

|∇Tl(uk)|p dx+
1

l

∫
Ω∩{uk≥l}

|∇ψl(uk)|p dx

≤
∫

Ω

|∇Tl(uk)|p dx+
1

l

∫
Ω

|∇ψl(uk)|p dx

≤
∫

Ω

|∇Tl(uk)|p dx +
C̃

c2

∫
Ω

|∇ψl(uk)|p dx

≤ C(l, f, p, c2, σ, ϑ, CN,p,Ω).

(3.27)

Then, ‖uk‖W 1,p
0 (Ω) is uniformly bounded on k. Therefore, up to a subsequence, it

follows that uk ⇀ u in W 1,p
0 (Ω) and a.e. in Ω.

Step 2: We show the strong convergence in L1(Ω) of the singular term.
By Hölder and Hardy inequalities we have∫

Ω

Tk

(
uqk
|x|p

)
dx ≤

∫
Ω

uqk
|x|p

dx =

∫
Ω

uqk
|x|q

1

|x|p−q
dx

≤
(∫

Ω

upk
|x|p

dx

) q
p
(∫

Ω

1

|x|p
dx

) p−q
p

≤ c
(∫

Ω

|∇uk|p dx
) q
p

≤ C̄,
(3.28)

where C̄ is a positive constant that does not depend on k. Hence we deduce that

Tk

(
uqk
|x|p

)
is bounded in L1(Ω).

Since uk → u a.e. in Ω, by de�nition of Tk(s), we get that

Tk

(
uqk
|x|p

)
→ uq

|x|p
a.e. in Ω.
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Noting that Tk

(
uqk
|x|p

)
≥ 0, we can use Fatou Lemma and obtain∫

Ω

uq

|x|p
dx ≤ lim inf

k→+∞

∫
Ω

Tk

(
uqk
|x|p

)
dx,

then
uq

|x|p
∈ L1(Ω).

We now consider a measurable set E ⊂ Ω. Arguing as in (3.28), using again Fatou
Lemma and Hölder inequality, we have

∫
E

Tk

(
uqk
|x|p

)
dx ≤

∫
E

uqk
|x|p

dx ≤ c ‖∇uk‖
q
p
p

(∫
E

1

|x|p
dx

) p−q
p

< δ(µ(E))

uniformly on k, where lim
s→0

δ(s) = 0.

Thus, from Vitali Theorem, we get

Tk

(
uqk
|x|p

)
→ uq

|x|p
in L1(Ω). (3.29)

Step 3: We show the strong convergence of |∇uk|p → |∇u|p in L1(Ω).
We need two preliminary results.

Lemma 3.4. Let uk be a weak solution to the problem (3.1). Then

lim
n→+∞

∫
{uk≥n}

|∇uk|p dx = 0

uniformly on k.

Proof. Let us consider the functions

Gn(s) = s− Tn(s) and τn−1(s) = T1(Gn−1(s)).

We get that

τn−1(uk) = T1(uk − Tn−1(uk)) =


0 if uk < n− 1,

uk − (n− 1) if n− 1 ≤ uk < n,

1 if uk ≥ n.
(3.30)

Using τn−1(uk) as a function test in (3.1), we get∫
Ω

A(|∇uk|)(∇uk,∇τn−1(uk)) dx+

∫
Ω

B(|∇uk|)τn−1(uk) dx

= ϑ

∫
Ω

Tk

(
uqk
|x|p

)
τn−1(uk) dx+

∫
Ω

Tk(f)τn−1(uk) dx.

(3.31)

We want to estimate the left-hand side of (3.31). Using the de�nition of τn−1(uk)
and (2.1), we get∫

Ω

A(|∇uk|)(∇uk,∇τn−1(uk)) dx =

∫
{n−1≤uk<n}

A(|∇uk|)(∇uk,∇uk) dx

=

∫
{n−1≤uk<n}

A(|∇uk|)|∇uk|2 dx ≥ c2
∫
{n−1≤uk<n}

|∇uk|p dx

= c2

∫
Ω

|∇τn−1(uk)|p dx

(3.32)
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while from (1.6) one has∫
Ω

B(|∇uk|)τn−1(uk) dx ≥ σ
∫

Ω

|∇uk|pτn−1(uk) dx. (3.33)

Then, using (3.32) and (3.33) in (3.31), one has

c2

∫
Ω

|∇τn−1(uk)|p dx+ σ

∫
Ω

|∇uk|pτn−1(uk) dx

≤ ϑ
∫

Ω

Tk

(
uqk
|x|p

)
τn−1(uk) dx+

∫
Ω

Tk(f)τn−1(uk) dx.

(3.34)

Moreover, from (3.30)

τn−1(uk)|∇uk|p ≥ |∇uk|pχ{uk≥n}, (3.35)

hence (3.34) becomes

σ

∫
{uk≥n}

|∇uk|p dx ≤ c2
∫

Ω

|∇τn−1(uk)|p dx+ σ

∫
Ω

|∇uk|pτn−1(uk) dx

≤ ϑ
∫

Ω

Tk

(
uqk
|x|p

)
τn−1(uk) dx+

∫
Ω

Tk(f)τn−1(uk) dx.

(3.36)

By (3.27), {uk}k∈N is uniformly bounded in W 1,p
0 (Ω) on k so, up to a subsequence,

uk weakly converges in W 1,p
0 (Ω), strongly converges in Lp(Ω) with 1 ≤ p < p∗ and

a.e. in Ω.
Then

|{x ∈ Ω : n− 1 ≤ uk(x) < n}| → 0 if n→ +∞,
|{x ∈ Ω : uk(x) ≥ n}| → 0 if n→ +∞

(3.37)

uniformly on k.
By (3.30) and (3.36) we get

σ

∫
{uk≥n}

|∇uk|p dx ≤ ϑ
∫
{n−1≤uk<n}

Tk

(
uqk
|x|p

)
τn−1(uk) dx

+ ϑ

∫
{uk≥n}

Tk

(
uqk
|x|p

)
τn−1(uk) dx+

∫
{n−1≤uk<n}

Tk(f)τn−1(uk) dx

+

∫
{uk≥n}

Tk(f)τn−1(uk) dx.

Then, by (3.37) and dominated convergence theorem, we have

lim
n→+∞

∫
{uk≥n}

|∇uk|p dx = 0.

�

Lemma 3.5. Consider uk ⇀ u in W 1,p
0 (Ω). Then one has for every m

Tm(uk)→ Tm(u) in W 1,p
0 (Ω) for k → +∞.
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Proof. Notice that

‖Tm(uk)− Tm(u)‖W 1,p
0 (Ω) ≤

∥∥(Tm(uk)− Tm(u))+
∥∥
W 1,p

0 (Ω)

+
∥∥(Tm(uk)− Tm(u))−

∥∥
W 1,p

0 (Ω)
.

(3.38)

First of all we study the asymptotic behaviour of ‖(Tm(uk)− Tm(u))+‖W 1,p
0 (Ω).

If we take (Tm(uk)− Tm(u))+ as a test function in (3.1) we get∫
Ω

A(|∇uk|)(∇uk,∇(Tm(uk)− Tm(u))+) dx+

∫
Ω

B(|∇uk|)(Tm(uk)− Tm(u))+ dx

=

∫
Ω

(
ϑTk

(
uqk
|x|p

)
+ Tk(f)

)
(Tm(uk)− Tm(u))+ dx.

(3.39)

Since Tm(uk) ⇀ Tm(u) in W 1,p
0 (Ω) and Tm(uk) → Tm(u) a.e. in Ω, we have

(Tm(uk)− Tm(u))+ → 0 a.e. in Ω and (Tm(uk)− Tm(u))+ ⇀ 0 in W 1,p
0 (Ω). Thus,

the right- hand side of (3.39), using (3.29) and dominated convergence theorem,
tends to zero as k goes to in�nity.
Then, for k → +∞∫

Ω

A(|∇uk|)(∇uk,∇(Tm(uk)− Tm(u))+) dx

+

∫
Ω

B(|∇uk|)(Tm(uk)− Tm(u))+ dx = o(1).

(3.40)

Let us note that equation (3.40) is equivalent to∫
Ω

(
A(|∇uk|)∇uk −A(|∇u|)∇u,∇(Tm(uk)− Tm(u))+

)
dx

+

∫
Ω

B(|∇uk|)(Tm(uk)− Tm(u))+ dx

= −
∫

Ω

A(|∇u|)(∇u,∇(Tm(uk)− Tm(u))+) dx+ o(1) = o(1),

(3.41)

since by (Tm(uk)− Tm(u))+ ⇀ 0 in W 1,p
0 (Ω) one has that∫

Ω

A(|∇u|)(∇u,∇(Tm(uk)− Tm(u))+) dx = o(1) as k → +∞.

We have that

(Tm(uk)− Tm(u))+ =

{
(uk − Tm(u))+ if 0 < uk ≤ m,
m− Tm(u) if uk > m,

(3.42)

∇(Tm(uk)− Tm(u))+ =


∇(uk − u)+ if uk ≤ m,u ≤ m,
0 if uk ≤ m,u > m,

0 if uk > m,u ≥ m,
−∇u if uk > m,u < m.
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So, using (3.42) and the fact that B is a positive function, (3.41) becomes∫
Ω∩{uk≤m, u≤m}

(
A(|∇uk|)∇uk −A(|∇u|)∇u,∇(uk − u)+

)
dx

+

∫
Ω∩{uk>m,u<m}

(
A(|∇uk|)∇uk −A(|∇u|)∇u,−∇u

)
dx

=

∫
Ω

(
A(|∇uk|)∇uk −A(|∇u|)∇u,∇(Tm(uk)− Tm(u))+

)
dx ≤ o(1).

(3.43)

We set:

D :=

∫
Ω

(
A(|∇uk|)∇uk −A(|∇u|)∇u,∇(Tm(uk)− Tm(u))+

)
dx,

D1 :=

∫
Ω∩{uk≤m, u≤m}

(
A(|∇uk|)∇uk −A(|∇u|)∇u,∇(uk − u)+

)
dx,

D2 :=

∫
Ω∩{uk>m,u<m}

(
A(|∇uk|)∇uk −A(|∇u|)∇u,−∇u

)
dx.

• For the term D1, using (1.4), we have

D1 =

∫
Ω∩{uk≤m, u≤m}

(
A(|∇uk|)∇uk −A(|∇u|)∇u,∇(uk − u)+

)
dx

≥ c2
∫

Ω∩{uk≤m, u≤m}
(|∇uk|+ |∇u|)p−2|∇(uk − u)+|2 dx ≥ 0.

(3.44)

• We write D2 as

D2 = D2,1 +D2,2

=

∫
Ω∩{uk>m,u<m}

A(|∇u|)|∇u|2 dx

+

∫
Ω∩{uk>m,u<m}

A(|∇uk|) (∇uk,−∇u) dx.

Then, by (2.4) and (1.3), we have

|D2,1| ≤
∫

Ω∩{uk>m,u<m}
|A(|∇u|)||∇u|2 dx

≤ KCK |Ω ∩ {uk > m,u < m} ∩ {|∇u| < K}|

+ c1

∫
Ω

|∇u|pχΩ∩{uk>m,u<m}∩{|∇u|≥K} dx.

Since uk → u a.e. in Ω for k → +∞, we get that χΩ∩{uk>m, u<m} → 0.

Moreover, |∇u|p ∈ L1(Ω), then using Dominated Convergence, one has that

|D2,1| = o(1).

Analogously, using Hölder inequality, (2.4), (1.3), dominated convergence
theorem and (3.27)
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|D2,2| =

∣∣∣∣∣
∫

Ω∩{uk>m, u<m}
(A(|∇uk|)∇uk,∇u) dx

∣∣∣∣∣
≤
(∫

Ω

|A(|∇uk|)∇uk|
p
p−1 dx

) p−1
p

(∫
Ω∩{uk>m, u<m}

|∇u|p dx

) 1
p

≤

(
C

p
p−1

K |Ω ∩ {|∇uk| < K}|+ c

∫
Ω∩{|∇uk|≥K}

|∇uk|p dx

) p−1
p

·

(∫
Ω∩{uk>m, u<m}

|∇u|p dx

) 1
p

Arguing for that last integral as in |D2,1| and using the fact that Ω is a

bounded set and uk is uniformly bounded in W 1,p
0 (Ω), we get that

|D2,2| = o(1) as k → +∞.
Then

|D2| ≤ |D2,1|+ |D2,2| = o(1) ⇒ D2 = o(1). (3.45)

By (3.43), (3.44), (3.45) we obtain

o(1) = D2 < D1 +D2 = D ≤ o(1),

that is

D =

∫
Ω

(
A(|∇uk|)∇uk −A(|∇u|)∇u,∇(Tm(uk)− Tm(u))+

)
dx = o(1). (3.46)

Since (Tm(uk)− Tm(u))+ ⇀ 0 in W 1,p
0 (Ω), from (3.46) we get∫

Ω

A(|∇uk|)(∇uk,∇(Tm(uk)− Tm(u))+) dx = o(1) as k → +∞. (3.47)

Since Tm(uk) = uk on {0 < uk ≤ m}, we estimate the left-hand side of (3.47) as

o(1) =

∫
Ω

A(|∇uk|)(∇uk,∇(Tm(uk)− Tm(u))+) dx

=

∫
Ω∩{uk>m}

A(|∇uk|)(∇uk,∇(Tm(uk)− Tm(u))+) dx

+

∫
Ω∩{uk≤m}

A(|∇Tm(u)|)(∇Tm(u),∇(Tm(uk)− Tm(u))+) dx

+

∫
Ω∩{uk≤m}

(
A(|∇Tm(uk)|)∇Tm(uk)−A(|∇Tm(u)|)∇Tm(u),∇(Tm(uk)− Tm(u))+

)
dx.

(3.48)

Let us denote

χm := χΩ∩{uk>m} (3.49)

and consider the �rst term of the right-hand side of (3.48). Using (3.42), Hölder
inequality (2.4) and (1.3), we get
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∣∣∣∣∣
∫

Ω

(A(|∇uk|)∇uk, χm∇Tm(u)) dx

∣∣∣∣∣
≤
(∫

Ω

|A(|∇uk|)∇uk|
p
p−1 dx

) p−1
p
(∫

Ω

|χm∇Tm(u)|p dx
) 1
p

≤

(
C

p
p−1

K |Ω ∩ {|∇uk| < K}|+ c

∫
Ω∩{|∇uk|≥K}

|∇uk|p dx

) p−1
p

‖χm∇Tm(u)‖p

≤ c(|Ω|+ ‖uk‖pW 1,p
0 (Ω)

)
p
p−1 ‖χm∇Tm(u)‖p .

(3.50)

Since lim
k→+∞

χm∇Tm(u) = 0 a.e. in Ω, using dominated convergence theorem, we

get
‖χm∇Tm(u)‖p → 0 as k → +∞

and since uk is uniformly bounded in W 1,p
0 (Ω) on k by (3.27), we obtain∣∣∣∣∣

∫
Ω

(A(|∇uk|)∇uk, χm∇Tm(u)) dx

∣∣∣∣∣ = o(1) as k → +∞

and in particular∫
Ω

(A(|∇uk|)∇uk, χm∇Tm(u)) dx = o(1) as k → +∞. (3.51)

For the second term of the right-hand side of (3.48), we rewrite it as∫
Ω∩{uk≤m}

A(|∇Tm(u)|)(∇Tm(u),∇(Tm(uk)− Tm(u))+) dx

=

∫
Ω

A(|∇Tm(u)|)(∇Tm(u),∇(Tm(uk)− Tm(u))+) dx

−
∫

Ω∩{uk>m}
A(|∇Tm(u)|)(∇Tm(u),∇(Tm(uk)− Tm(u))+) dx.

(3.52)

Since (Tm(uk) − Tm(u))+ ⇀ 0 in W 1,p
0 (Ω), the �rst term of the right-hand side

goes to zero when k → +∞. Instead, for the second term, arguing as in (3.50), we
obtain that for k → +∞∣∣∣∣∣

∫
Ω∩{uk>m}

A(|∇Tm(u)|)(∇Tm(u),∇(Tm(uk)− Tm(u))+) dx

∣∣∣∣∣
≤ c(|Ω|+ ‖Tm(u)‖p

W 1,p
0 (Ω)

)
p
p−1 ‖χm∇Tm(u)‖p = o(1) as k → +∞.

(3.53)

Then ∫
Ω∩{uk>m}

A(|∇Tm(u)|)(∇Tm(u),∇(Tm(uk)− Tm(u))+) dx = o(1)

as k → +∞ and equation (3.52) becomes∫
Ω∩{uk≤m}

A(|∇Tm(u)|)(∇Tm(u),∇(Tm(uk)− Tm(u))+) dx = o(1). (3.54)

Now, we have to estimate the last term in the right-hand side of (3.48). We write
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∫
Ω∩{uk≤m}

(
A(|∇Tm(uk)|)∇Tm(uk)−A(|∇Tm(u)|)∇Tm(u),∇(Tm(uk)− Tm(u))+

)
dx

=

∫
Ω

(
A(|∇Tm(uk)|)∇Tm(uk)−A(|∇Tm(u)|)∇Tm(u),∇(Tm(uk)− Tm(u))+

)
dx

−
∫

Ω∩{uk>m}

(
A(|∇Tm(uk)|)∇Tm(uk)−A(|∇Tm(u)|)∇Tm(u),∇(Tm(uk)− Tm(u))+

)
dx

(3.55)

By (3.42), the second term of the right-hand side of (3.55) becomes

∫
Ω∩{uk>m}

A(|∇Tm(u)|)|∇Tm(u)|2 dx (3.56)

We know that ∫
Ω∩{uk>m}

|∇Tm(u)|p dx = o(1) for k → +∞,

while using (2.4) and (1.3) we get

∫
Ω∩{uk>m}

(A(|∇Tm(u)|)|∇Tm(u)|)
p
p−1 dx

≤ C
p
p−1

K |Ω|+ c
p
p−1

1

∫
Ω∩{uk>m}∩{|∇Tm(u)|≥K}

|∇Tm(u)|p dx < +∞
(3.57)

Then using Holder inequality in (3.56), we obtain

∣∣∣∣∣
∫

Ω∩{uk>m}
A(|∇Tm(u)|)|∇Tm(u)|2 dx

∣∣∣∣∣
≤

(∫
Ω∩{uk>m}

(A(|∇Tm(u)|)|∇Tm(u)|)
p
p−1 dx

) p−1
p
(∫

Ω∩{uk>m}
|∇Tm(u)|p dx

) 1
p

= o(1)

as k → +∞.
Therefore∫

Ω∩{uk>m}
A(|∇Tm(u)|)|∇Tm(u)|2 dx = o(1) as k → +∞. (3.58)

Using (3.58), equation (3.55) becomes

∫
Ω∩{uk≤m}

(
A(|∇Tm(uk)|)∇Tm(uk)−A(|∇Tm(u)|)∇Tm(u),∇(Tm(uk)− Tm(u))+

)
dx

=

∫
Ω

(
A(|∇Tm(uk)|)∇Tm(uk)−A(|∇Tm(u)|)∇Tm(u),∇(Tm(uk)− Tm(u))+

)
dx+ o(1)

(3.59)
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Then, using (3.51), (3.54), (3.59), the equation (3.48) becomes

o(1) =

∫
Ω

A(|∇uk|)(∇uk,∇(Tm(uk)− Tm(u))+) dx

=

∫
Ω

(
A(|∇Tm(uk)|)∇Tm(uk)−A(|∇Tm(u)|)∇Tm(u),∇(Tm(uk)− Tm(u))+

)
dx+ o(1)

as k → +∞.

Using equations (1.4) and (2.2),

o(1) =

∫
Ω

(
A(|∇Tm(uk)|)∇Tm(uk)−A(|∇Tm(u)|)∇Tm(u),∇(Tm(uk)− Tm(u))+

)
dx

≥


c2

∫
Ω

|∇(Tm(uk)− Tm(u))+|2

(|∇Tm(uk)|+ |∇Tm(u)|)2−p dx if 1 < p < 2,

c2

∫
Ω

|∇(Tm(uk)− Tm(u))+|p dx if p ≥ 2.

(3.60)

Arguing as we have done from (3.10) to (3.12), we obtain

∥∥(Tm(uk)− Tm(u))+
∥∥
W 1,p

0 (Ω)
→ 0 as k → +∞. (3.61)

For the study of the asymptotic behaviour of ‖(Tm(uk)− Tm(u))−‖W 1,p
0 (Ω), we use

e−ĈTm(uk)(Tm(uk) − Tm(u))− as a test function in weak formulation of (3.1) ob-
taining

∫
Ω

e−ĈTm(uk)(A(|∇uk|)∇uk,∇(Tm(uk)− Tm(u))−) dx

−
∫

Ω

Ĉe−ĈTm(uk)
(
A(|∇uk|)∇uk,∇Tm(uk)

)
(Tm(uk)− Tm(u))− dx

+

∫
Ω

B(|∇uk|)e−ĈTm(uk)(Tm(uk)− Tm(u))− dx

=

∫
Ω

(
ϑTk

(
uqk
|x|p

)
+ Tk(f)

)
e−ĈTm(uk)(Tm(uk)− Tm(u))− dx

(3.62)

As above, since (Tm(uk) − Tm(u))− ⇀ 0 in W 1,p
0 (Ω) and (Tm(uk) − Tm(u))− → 0

a.e. in Ω, by dominated convergence theorem, the right-hand side of (3.62) tends
to zero when k goes to in�nity. Moreover, splitting the domains of the integrals in
the left-hand side of (3.62), we get
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∫
Ω

e−ĈTm(uk)(A(|∇uk|)∇uk,∇(Tm(uk)− Tm(u))−) dx

−
∫

Ω∩{uk>m}
Ĉe−ĈTm(uk)

(
A(|∇uk|)∇uk,∇Tm(uk)

)
(Tm(uk)− Tm(u))− dx

−
∫

Ω∩{uk≤m}
Ĉe−ĈTm(uk)

(
A(|∇uk|)∇uk,∇Tm(uk)

)
(Tm(uk)− Tm(u))− dx

+

∫
Ω∩{uk>m}

B(|∇uk|)e−ĈTm(uk)(Tm(uk)− Tm(u))− dx

+

∫
Ω∩{uk≤m}

B(|∇uk|)e−ĈTm(uk)(Tm(uk)− Tm(u))− dx = o(1) as k → +∞.

(3.63)

We have that

(Tm(uk)− Tm(u))− =

{
(uk − Tm(u))− if 0 < uk ≤ m,
0 if uk > m,

(3.64)

∇(Tm(uk)− Tm(u))− =


∇(uk − u)− if uk ≤ m,u ≤ m,
∇uk if uk ≤ m,u > m,

0 if uk > m.

Recalling the de�nition of χm given in (3.49), one has that (Tm(uk)−Tm(u))−χm =
0 and Tm(uk) = uk on {0 < uk ≤ m}, hence (3.63) becomes

∫
Ω

e−ĈTm(uk)(A(|∇uk|)∇uk,∇(Tm(uk)− Tm(u))−) dx

+

∫
Ω∩{uk≤m}

B(|∇Tm(uk)|)e−ĈTm(uk)(Tm(uk)− Tm(u))− dx

−
∫

Ω∩{uk≤m}
ĈA(|∇Tm(uk)|)|∇Tm(uk)|2e−ĈTm(uk)(Tm(uk)− Tm(u))− dx

= o(1) as k → +∞.

(3.65)

Moreover, using (2.5), we have that

∫
Ω

e−ĈTm(uk)
(
A(|∇uk|)∇uk,∇(Tm(uk)− Tm(u))−

)
dx ≤ o(1) as k → +∞.

(3.66)

Recalling (3.64), we de�ne A1 := {x ∈ Ω : uk ≤ m,u ≤ m} and A2 := {x ∈ Ω :
uk ≤ m,u > m} and we split the integral in (3.66) as follows:∫

Ω

e−ĈTm(uk)
(
A(|∇uk|)∇uk,∇(Tm(uk)− Tm(u))−

)
dx

=

∫
Ω∩A1

e−ĈTm(uk)
(
A(|∇uk|)∇uk,∇(uk − u)−

)
dx

+

∫
Ω∩A2

e−ĈTm(uk)A(|∇uk|)|∇uk|2 dx ≤ o(1).

(3.67)
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Since (Tm(uk)− Tm(u))− ⇀ 0 in W 1,p
0 (Ω) for k → +∞,

∫
Ω

(
A(|∇uk|)∇uk,∇(Tm(uk)− Tm(u))−

)
dx

=

∫
Ω

(
A(|∇uk|)∇uk −A(|∇Tm(u)|)∇Tm(u),∇(Tm(uk)− Tm(u))−

)
dx

+

∫
Ω

(
A(|∇Tm(u)|)∇Tm(u),∇(Tm(uk)− Tm(u))−

)
dx

=

∫
Ω

(
A(|∇uk|)∇uk −A(|∇Tm(u)|)∇Tm(u),∇(Tm(uk)− Tm(u))−

)
dx+ o(1).

=

∫
Ω∩A1

(
A(|∇uk|)∇uk −A(|∇u|)∇u,∇(uk − u)−

)
dx

+

∫
Ω∩A2

A(|∇uk|)|∇uk|2 dx+ o(1)

(3.68)

Moreover, one has that eĈTm(uk) ≤ emĈ =: γm uniformly on k. Then, using (1.4)
and (3.67), we estimate (3.68) as

∫
Ω

(
A(|∇uk|)∇uk,∇(Tm(uk)− Tm(u))−

)
dx

=

∫
Ω∩A1

eĈTm(uk)e−ĈTm(uk)
(
A(|∇uk|)∇uk −A(|∇u|)∇u,∇(uk − u)−

)
dx

+

∫
Ω∩A2

eĈTm(uk)e−ĈTm(uk)A(|∇uk|)|∇uk|2 dx+ o(1)

≤ γm
∫

Ω∩A1

e−ĈTm(uk)
(
A(|∇uk|)∇uk −A(|∇u|)∇u,∇(uk − u)−

)
dx

+ γm

∫
Ω∩A2

e−ĈTm(uk)A(|∇uk|)|∇uk|2 dx+ o(1)

≤ γm

[∫
Ω∩A1

e−ĈTm(uk)
(
A(|∇uk|)∇uk,∇(uk − u)−

)
dx

+

∫
Ω∩A2

e−ĈTm(uk)A(|∇uk|)|∇uk|2 dx

]

− γm
∫

Ω∩A1

e−ĈTm(uk)
(
A(|∇u|)∇u,∇(uk − u)−

)
dx+ o(1)

≤ −γm
∫

Ω∩A1

e−ĈTm(uk)
(
A(|∇u|)∇u,∇(uk − u)−

)
dx+ (γm + 1)o(1).

(3.69)

Now, we estimate the right hand-side of (3.69) in this way:
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∫
Ω∩A1

e−ĈTm(uk)
(
A(|∇u|)∇u,∇(uk − u)−

)
dx

=

∫
Ω

e−ĈTm(uk)
(
A(|∇Tm(u)|)∇Tm(u),∇(Tm(uk)− Tm(u))−

)
dx

=

∫
Ω

e−Ĉ(Tm(uk)−Tm(u))−e−ĈTm(u)
(
A(|∇Tm(u)|)∇Tm(u),∇(Tm(uk)− Tm(u))−

)
dx

= − 1

Ĉ

∫
Ω

e−ĈTm(u)A(|∇Tm(u)|)
(
∇Tm(u),∇(e−Ĉ(Tm(uk)−Tm(u))− − 1)

)
dx.

(3.70)

Since {e−Ĉ(Tm(uk)−Tm(u))− − 1}k∈N is uniformly bounded in W 1,p
0 (Ω), up to a sub-

sequence there exists g ∈W 1,p
0 (Ω) such that

e−Ĉ(Tm(uk)−Tm(u))− − 1 ⇀ g as n→ +∞. (3.71)

In particular we note that g ≡ 0 since Tm(uk)→ Tm(u) a.e. in Ω as k → +∞.
Hence, by (3.71), for k → +∞

∫
Ω

e−ĈTm(u)A(|∇Tm(u)|)(∇Tm(u),∇(e−Ĉ(Tm(uk)−Tm(u))− − 1)) dx→ 0. (3.72)

Then, using (3.70) and (3.72) in (3.69), one has that∫
Ω

(
A(|∇uk|)∇uk,∇(Tm(uk)− Tm(u))−

)
dx ≤ o(1) as k → +∞. (3.73)

Arguing in the similar way as we have done from (3.40) to (3.47), we get∫
Ω

(
A(|∇uk|)∇uk,∇(Tm(uk)− Tm(u))−

)
dx = o(1) as k → +∞. (3.74)

In order to obtain the desired result, we proceed writing the left-hand side of (3.74)
as

o(1) =

∫
Ω

A(|∇uk|)
(
∇uk,∇(Tm(uk)− Tm(u))−

)
dx

=

∫
Ω∩{uk>m}

A(|∇uk|)(∇uk,∇(Tm(uk)− Tm(u))−) dx

+

∫
Ω∩{uk≤m}

A(|∇Tm(u)|)(∇Tm(u),∇(Tm(uk)− Tm(u))−) dx

+

∫
Ω∩{uk≤m}

(
A(|∇Tm(uk)|)∇Tm(uk)−A(|∇Tm(u)|)∇Tm(u),∇(Tm(uk)− Tm(u))−

)
dx.

(3.75)

The �rst term of the right-hand side of (3.75), by (3.64), is zero since (Tm(uk) −
Tm(u))−χm = 0.
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The second term of the right-hand side of (3.75) can be rewritten as∫
Ω∩{uk≤m}

A(|∇Tm(u)|)(∇Tm(u),∇(Tm(uk)− Tm(u))−) dx

=

∫
Ω

A(|∇Tm(u)|)(∇Tm(u),∇(Tm(uk)− Tm(u))−) dx

−
∫

Ω∩{uk>m}
A(|∇Tm(u)|)(∇Tm(u),∇(Tm(uk)− Tm(u))−) dx.

(3.76)

Since (Tm(uk) − Tm(u))− ⇀ 0 in W 1,p
0 (Ω), the �rst term of the right-hand side

goes to zero when k → +∞. While, the second term, is zero since (Tm(uk) −
Tm(u))−χm = 0.

Then, the equation (3.75) becomes

o(1) =

∫
Ω∩{uk≤m}

(
A(|∇Tm(uk)|)∇Tm(uk)−A(|∇Tm(u)|)∇Tm(u),

...∇(Tm(uk)− Tm(u))−
)
dx.

(3.77)

Now, we estimate the the right-hand side of (3.77).
We write∫

Ω∩{uk≤m}

(
A(|∇Tm(uk)|)∇Tm(uk)−A(|∇Tm(u)|)∇Tm(u),∇(Tm(uk)− Tm(u))−

)
dx

=

∫
Ω

(
A(|∇Tm(uk)|)∇Tm(uk)−A(|∇Tm(u)|)∇Tm(u),∇(Tm(uk)− Tm(u))−

)
dx

−
∫

Ω∩{uk>m}

(
A(|∇Tm(uk)|)∇Tm(uk)−A(|∇Tm(u)|)∇Tm(u),∇(Tm(uk)− Tm(u))−

)
dx.

(3.78)

By (3.64), the second term of the right-hand side is zero then equation (3.77)
becomes

o(1) =

∫
Ω

(
A(|∇Tm(uk)|)∇Tm(uk)−A(|∇Tm(u)|)∇Tm(u),∇(Tm(uk)−Tm(u))−

)
dx.

(3.79)
From equation (1.4) and (2.2),

o(1) =

∫
Ω

(
A(|∇Tm(uk)|)∇Tm(uk)−A(|∇Tm(u)|)∇Tm(u),∇(Tm(uk)− Tm(u))−

)
dx

≥


c2

∫
Ω

|∇(Tm(uk)− Tm(u))−|2

(|∇Tm(uk)|+ |∇Tm(u)|)2−p dx if 1 < p < 2,

c2

∫
Ω

|∇(Tm(uk)− Tm(u))−|p dx if p ≥ 2.

(3.80)

Arguing as we have done from (3.10) to (3.12), we obtain∥∥(Tm(uk)− Tm(u))−
∥∥
W 1,p

0 (Ω)
→ 0 as k → +∞. (3.81)

Summarizing up, from (3.38) we get

‖Tm(uk)− Tm(u)‖W 1,p
0 (Ω) → 0 as k → +∞. (3.82)
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�

Using Lemma 3.5, up to a subsequence, we get

|∇Tm(uk)|p → |∇Tm(u)|p a.e. in Ω, for k → +∞. (3.83)

For almost everywhere x �xed in Ω, we choose η >> |u(x)|. Since uk → u a.e. in
Ω for k → +∞, we get that |uk(x)| << η de�nitely.
Choosing m = η in (3.83), one has

|∇uk|p → |∇u|p a.e. in Ω for k → +∞.
In order to use Vitali Theorem we need to prove the uniform-integrability of |∇uk|p.
Let E ⊂ Ω be a measurable set, then∫

E

|∇uk|p dx =

∫
E∩{uk>m}

|∇uk|p dx+

∫
E∩{uk≤m}

|∇uk|p dx

=

∫
E∩{uk>m}

|∇uk|p dx+

∫
E

|∇Tm(uk)|p dx.
(3.84)

For �xed ε > 0, using Lemma 3.4 in the �rst term of (3.84), there exists m̄ that
does not depend on k, such that∫

E∩{uk>m}
|∇uk|p dx ≤

∫
Ω∩{uk>m}

|∇uk|p dx ≤
ε

2
.

By (3.82) and up to a subsequence, there exists v(x) ∈ L1(Ω) such that |∇Tm̄(uk)|p ≤
v(x) a.e. in Ω. So for |E| small we get∫

E

|∇Tm̄(uk)|p dx ≤ ε

2
.

Therefore, ∫
E

|∇uk|p dx ≤ ε.

is uniformly integrable on k.
Collecting the previous result, the left-hand side of (3.84) is uniformly integrable

on k.

Then Vitali Theorem implies that

|∇uk|p → |∇u|p in L1(Ω), (3.85)

that is equivalent to
‖uk‖W 1,p

0 (Ω) → ‖u‖W 1,p
0 (Ω) . (3.86)

Step 4: In order to obtain a solution to the problem (1.1), we note that by [6,
Theorem 1]

lim
k→+∞

‖uk − u‖W 1,p
0 (Ω) = 0.

Moreover we observe that B(|∇uk|)→ B(|∇u|) in L1(Ω).
Since B is a continuous function

B(|∇uk|)→ B(|∇u|) a.e. in Ω.

From (3.85), up to a subsequence, there exists v(x) ∈ L1(Ω) such that |∇uk|p ≤ v(x)
a.e. in Ω.
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Then, if E ⊂ Ω is a measurable set, using (2.5), (2.4) and (1.3), we have that∫
E

B(|∇uk|) dx ≤ Ĉ
∫
E

|A(|∇uk|)||∇uk|2 dx

≤ KCKĈ|E ∩ {|∇uk| < K}|+ c1Ĉ

∫
E∩{|∇uk|≥K}

|∇uk|p dx

≤ KCK |E|+ c1Ĉ

∫
E

v(x) dx

and, since v(x) ∈ L1(Ω), we get that B(|∇uk|) is uniformly integrable.

Using Vitali Theorem we have

B(|∇uk|)→ B(|∇u|) in L1(Ω).

Then, collecting all the previous results, by dominate convergence, passing to the
limit for k → +∞ in∫

Ω

A(|∇uk|)(∇uk,∇ϕ) dx+

∫
Ω

B(|∇uk|)ϕdx = ϑ

∫
Ω

Tk

(
uqk
|x|p

)
ϕdx+

∫
Ω

Tk(f)ϕdx

∀ϕ ∈W 1,p
0 (Ω) ∩ L∞(Ω).

we obtain∫
Ω

A(|∇u|)(∇u,∇ϕ) dx+

∫
Ω

B(|∇u|)ϕdx = ϑ

∫
Ω

uq

|x|p
ϕdx+

∫
Ω

fϕ dx

∀ϕ ∈W 1,p
0 (Ω) ∩ L∞(Ω).

�

4. Regularity of the energy solution

In all this section we shall assume that the solution is bounded far from the
origin, up to the boundary. In same cases this can be desumed by construction.
In general, if the problems is at most critical the local boundedness of the solution
follows by Theorem 1 in Serrin [29] taking into account remark page 261, that in
our case is useful to deal with the �rst order term. Once we are considering locally
bounded solutions we deduce that u ∈ C1,α

loc (Ω\{0}) by [16, 19, 24, 25, 26, 27, 31, 32].
The boundedness of the solution up to the boundary can be proved via retti�cation
arguments or via scaling arguments; supposing that Ω is smooth, C1,α

loc (Ω̄ \ {0})
regularity follows by [20]. Finally outside Zu and far from the origin, our equation
can be rewritten as

−div(a(x)∇u) = c(x)

where a(·) and c(·) are locally Hölder continuous. We are therefore in position
to apply standard regularity theory (see e.g. [18]-Chapter 6) to deduce that u ∈
C2(Ω \ (Zu ∪ {0})).
For this reason in what follows we will indicate by

ũij(x) :=

{
uxixj (x) x ∈ Ω \ (Zu ∪ {0}),
0 x ∈ Zu

(4.1)

and ∇̃ui stands for �gradient� of (ũi1, ..., ũiN ).
Next results give us the summability properties of the second derivative, main
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tool for the analysis of the qualitative properties of solutions of elliptic problems.
The proofs follow the ideas introduced in [7, 14, 17] therefore we include only some
details.

We will assume that A satis�es (1.3), (1.4) and also

− 1 < inf
t>0

tA′(t)

A(t)
=: mA ≤MA := sup

t>0

tA′(t)

A(t)
< +∞. (4.2)

Remark 4.1. Recalling [10, Proposition 4.1] it is already proved that

A(1) min{tmA , tMA} ≤ A(t) ≤ A(1) max{tmA , tMA}.
Since mA > −1 there exists η ∈ [0, 1) such that mA + η > 0; hence

lim
t→0

tηA(t) = 0

and, moreover, it easy to check that tA(t) is non-decreasing on [0,+∞).

The following results deal with the study of regularity of solutions to the following
problem 

−div(A(|∇u|)∇u) +B(|∇u|) = h(x, u), in Ω,

u > 0 in Ω,

u = 0 on ∂Ω,

(4.3)

where we set h(x, u) := ϑ
uq

|x|p
+ f(x) and ui :=

∂u

∂xi
.

Theorem 4.2. Assume that Ω is a bounded smooth domain and 1 < p < N .
Consider u ∈ C1,α

loc (Ω̄ \ {0}) ∩ C2(Ω \ (Zu ∪ {0})) a solution to (4.3), where f ∈
W 1,∞(Ω̄). We have∫

E\Zu

A(|∇u|)|∇ui|2

|x− y|γ |ui|β
dx ≤ C ∀i = 1, ..., N (4.4)

for any E b Ω \ {0} and uniformly for any y ∈ E, with
C := C(γ,mA,MA, β, h, ‖∇u‖∞, ρ)

for 0 ≤ β < 1 and γ < (N − 2) if N ≥ 3 (γ = 0 if N = 2).

Moreover, if we also assume that f is nonnegative in Ω, we have that∫
Ω\(Zu∪{0})

A(|∇u|)|∇ui|2

|x− y|γ |ui|β
dx ≤ C ∀i = 1, ..., N (4.5)

Proof. I step: Since u > 0 in Ω, we have that h(x, u) is locally Lipschtz with
respect to u, uniformly in x and h(·, u) is locally Lipschtz. Following [14, Lemma
2.1], we can state that ui solves the linearized problem∫

Ω

A(|∇u|)(∇̃ui,∇ψ) dx+

∫
Ω

A′ (|∇u|)
|∇u|

(
∇u, ∇̃ui

)
(∇u,∇ψ) dx

+

∫
Ω

B′ (|∇u|)
|∇u|

(
∇u, ∇̃ui

)
ψ dx−

∫
Ω

[hi(x, u) + hu(x, u)ui]ψ dx = 0,

(4.6)

for any ψ ∈ C∞c (Ω \ (Zu ∪ {0})).
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For every ε, δ > 0, we consider the following function:

Gε(t) := (2t− 2ε)χ[ε,2ε](t) + tχ[2ε,∞)(t) for t > 0,

Tε(t) :=
Gε(t)

|t|β
, Hδ(t) :=

Gδ(t)

|t|γ+1

Then, if we consider x0 ∈ Ω \ {0}, B2ρ(x0) ⊂ Ω \ {0} and ϕρ ∈ C∞c (B2ρ(x0)) such
that ϕρ = 1 in Bρ(x0) and |∇ϕρ| ≤ 2

ρ , arguing as in [17, Theorem 1.2] and using

the test function

ψ = Tε(ui)Hδ(|x− y|)ϕ2
ρ,

we get that

min{1,1 +mA}
∫
B2ρ(x0)

A(|∇u|)|∇̃ui|2

|x− y|γ

(
G′ε(ui)

|ui|β
− β Gε(ui)
|ui|1+β

)
ϕ2
ρ dx

− 3ϑ̃

∫
B2ρ(x0)

A(|∇u|)|∇̃ui|2

|x− y|γ |ui|β
χ{|ui|≥ε}ϕ

2
ρ dx ≤ C3,4,5,6,7

+ lim sup
δ→0

∫
B2ρ(x0)

[hi(x, u) + hu(x, u)ui]Tε(ui)Hδ(|x− y|)ϕ2
ρ dx.

(4.7)

Exploiting the de�nition of Tε(t) and Hδ(t), we can estimate the last term of the
right-hand side of (4.7) as

∣∣∣∣∣
∫
B2ρ(x0)

[hi(x, u) + hu(x, u)ui] Tε(ui) Hδ(|x− y|)ϕ2
ρ dx

∣∣∣∣∣
≤
∫
B2ρ(x0)

|hi(x, u)||ui|1−β

|x− y|γ
ϕ2
ρ dx+

∫
B2ρ(x0)

|hu(x, u)||ui|2−β

|x− y|γ
ϕ2
ρ dx

≤ sup
x∈B2ρ(x0)

|hi(x, u)| ‖∇u‖1−β∞
∫
B2ρ(x0)

1

|x− y|γ
dx

+ ‖hu(x, u)‖∞ ‖∇u‖
2−β
∞

∫
B2ρ(x0)

1

|x− y|γ
dx ≤ C8.

Passing to the limit for ε→ 0 and applying Fatou Lemma in (4.7), we obtain(
min{1, 1 +mA}(1− β)− 3ϑ̃

)∫
B2ρ(x0)\Zu

A(|∇u|)|∇ui|2

|x− y|γ |ui|β
ϕ2
ρ dx

≤ C3,4,5,6,7 + C8.

Now we �x ϑ̃ su�ciently small such that

min{1, 1 +mA}(1− β)− 3ϑ̃ > 0

so that,∫
Bρ(x0)\Zu

A(|∇u|)|∇ui|2

|x− y|γ |ui|β
dx ≤

∫
B2ρ(x0)\Zu

A(|∇u|)|∇ui|2

|x− y|γ |ui|β
ϕ2
ρ dx ≤ C0

where C0 = C0(γ,mA,MA, β, h, ‖∇u‖∞, ρ, x0), for all i = 1, ..., N .
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II step: Let us consider E b Ω\{0}. Since E is a compact set, there exists a �nite
number of Bρ(xi) with xi ∈ E such that

E ⊂ E ⊂
M⋃
i=1

Bρ(xi).

Hence, repeating the covering arguments exploited in [7, Theorem 4.1] and by using
the estimate obtained in Step I, we get

∫
E\Zu

A(|∇u|)|∇ui|2

|x− y|γ |ui|β
dx ≤

M∑
i=1

∫
Bρ(xi)\Zu

A(|∇u|)|∇ui|2

|x− y|γ |ui|β
dx+ c ≤

M∑
i=1

Ci + c =: C.

(4.8)

III step: If Ω is a smooth domain and f is a nonnegative function in Ω, by Höpf
Lemma (see [28]) we get that Zu ∩ ∂Ω = ∅. Then, we can take δ > 0 such that

|∇u| 6= 0 in I3δ(∂Ω) and A(|∇u|) > 0 in I3δ(∂Ω).

Since u ∈ C2(I3δ(∂Ω)), arguing as in [7, Theorem 4.1] and using (4.8) we get
(4.5). �

Corollary 4.3. Let u ∈ C1(Ω\{0}) be a weak solution to (4.3) with f ∈W 1,∞(Ω),

1 < p <∞. Then A(|∇u|)|∇u| ∈W 1,2
loc (Ω \ {0},RN ).

If Ω is smooth, u ∈ C1(Ω̄ \ {0}), f is a nonnegative function and f ∈ W 1,∞(Ω̄),

then A(|∇u|)|∇u| ∈W 1,2
loc (Ω̄ \ {0},RN ).

Proof. Since h(x, u) is locally Lipschitz continuous, u ∈ C2(Ω \ (Zu ∪ {0})) (see
[18]). Let us consider a compact set E ⊂ Ω \ {0} and let us set

φn ≡ G 1
n

(A(|∇u|)ui), i = 1, ..., N,

where G 1
n
is de�ned as in Theorem 4.2.

Using de�nition of G 1
n
, we get that G′1

n

(A(|∇u|)ui) ≡ 0 on Zu, then

∂φn
∂xj

= G′1
n

(A(|∇u|)ui)
[
A′(|∇u|)
|∇u|

< ∇u,∇uj > ui +A(|∇u|)uij
]
on E \ Zu.

We observe that φn ∈W 1,2(E).
In fact, choosing 0 < η < 1, using (4.2), Remark 4.1 and Theorem 4.2 we get
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∫
E

|∇φn|2 dx ≤ 4

∫
E\{|A(|∇u|)ui|≤ 1

n}

N∑
j=1

[
∂

∂xj
A(|∇u|)ui

]2

dx

≤ 4

∫
E\Zu

N∑
j=1

[
A′(|∇u|)
|∇u|

< ∇u,∇uj > ui +A(|∇u|)uij
]2

dx

≤ 4

∫
E\Zu

N∑
j=1

[
A′(|∇u|)|∇u|
|∇u|

|∇uj ||∇u|+A(|∇u|)uij
]2

dx

≤ 4

∫
E\Zu

N∑
j=1

[
MAA(|∇u|)

∥∥D2u
∥∥+A(|∇u|)

∥∥D2u
∥∥]2 dx

≤ 4N

∫
E\Zu

(1 +MA)2A2(|∇u|)
∥∥D2u

∥∥2
dx

= 4N(1 +MA)2

∫
E\Zu

A(|∇u|)|∇u|η
A(|∇u|)

∥∥D2u
∥∥2

|∇u|η
dx

≤ 4N(1 +MA)2 sup
E\Zu

A(|∇u|)|∇u|η
∫
E\Zu

A(|∇u|)
∥∥D2u

∥∥2

|∇u|η
dx ≤ K1 ∀n ∈ N.

In the same way we can prove that ‖φn‖22 ≤ K2 ∀n ∈ N. Since W 1,2(E) is a

re�exive space and ‖φn‖W 1,2(E) ≤ K :=
√
K1 +K2 ∀n ∈ N, up to a subsequence,

there exists h ∈W 1,2(E) such that

φn ⇀ h in W 1,2(E)

Moreover, using Sobolev compact embedding, we get

φn → h in L2(E)

φn → h almost everywhere in E.

Since φn
n→+∞−−−−−→ A(|∇u|)ui almost everywhere in E, we get

A(|∇u|)ui ≡ h ∈W 1,2(E)

and by arbitrariness of i ∈ {1, ..., N} we have that A(|∇u|)∇u ∈W 1,2
loc (Ω\{0},RN ).

If moreover Ω is smooth, u ∈ C1(Ω̄ \ {0}), f is a nonnegative function and f ∈
W 1,∞(Ω), we get that u ∈ C2(Ω̄\ (Zu∪{0})) and A(|∇u|)∇u ∈W 1,2

loc (Ω̄\{0},RN ).
�

Remark 4.4. If u is a weak solution of Problem (1.1) with f nonnegative, by

Corollary 4.3, since A(|∇u|)|∇u| ∈ W 1,2
loc (Ω̄ \ {0}), we get that u solves Prob-

lem (1.1) almost everywhere in Ω. In particular, since B(0) = 0, we get that
−div(A(|∇u|)∇u) = 0 on Zu, that is absurd since f is nonnegative.
Then

|Zu| = 0.

Remark 4.5. Using Remark 4.4, since f is a nonnegative function, (4.5) becomes
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∫
Ω̃

A(|∇u|)|∇ui|2

|x− y|γ |ui|β
dx ≤ C ∀i = 1, ..., N

for any Ω̃ b Ω \ {0} and uniformly for any y ∈ Ω̃, with

C := C(γ,mA,MA, β, h, ‖∇u‖∞, ρ)

for 0 ≤ β < 1 and γ < (N − 2) if N ≥ 3 (γ = 0 if N = 2).

Using (2.1) and the fact that |ui| ≤ |∇u|, we also obtain

c2

∫
Ω̃

|∇u|p−2−β |∇ui|2

|x− y|γ
dx ≤

∫
Ω̃

A(|∇u|)|∇ui|2

|x− y|γ |ui|β
dx ≤ C ∀i = 1, ..., N.

Next Theorems concern the summability of (A(|∇u|))−1. The �rst is obtained
supposing that p > 2.

Theorem 4.6. Let u ∈ C1,α(Ω \ {0}) ∩ C2(Ω \ (Zu ∪ {0})) be a solution to (4.3)
with f ∈W 1,∞(Ω) and f(x) > 0 in B2ρ(x0) ⊂ Ω \ {0} (where B2ρ(x0) is de�ned in
the proof of Theorem 4.2) . Let us suppose that p > 2. Then

∫
Bρ(x0)

1

(A(|∇u|))αr
1

|x− y|γ
dx ≤ C (4.9)

for any y ∈ Bρ(x0), with α :=
p− 1

p− 2
, r ∈ (0, 1), γ < N − 2 if N ≥ 3, γ = 0 if

N = 2 and

C = C(γ, η, h, ||∇u||∞, ρ, x0, α,MA, c2, τ, Ĉ).

If Ω is a smooth domain and f is nonnegative in Ω

∫
Ω̃

1

(A(|∇u|))αr
1

|x− y|γ
dx ≤ C, (4.10)

for any Ω̃ b Ω \ {0}, y ∈ Ω̃ and α :=
p− 1

p− 2
, r ∈ (0, 1).

Proof. In this proof, in order to simplify the notation we will indicate by {A > 1} :=
{x ∈ B2ρ(x0) : A(|∇u(x)|) > 1} and by {A < 1} := {x ∈ B2ρ(x0) : A(|∇u(x)|) <
1}. Moreover, in the sequel

IF :=

∫
B2ρ(x0)

1

(A(|∇u|))αr
ϕ2
ρ

|x− y|γ
dx
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Following [7, 14, 17], for ε > 0, ϕρ, Hδ de�ned as in Theorem 4.2, let us de�ne

φ =
Hδ(|x− y|)ϕ2

ρ

(ε+A(|∇u|))αr
. Note that φ is a good test function, then

∫
B2ρ(x0)

h(x, u)Hδ ϕ
2
ρ

(ε+A(|∇u|))αr
dx

= −αr
∫
B2ρ(x0)

A(|∇u|)A′(|∇u|)Hδ ϕ
2
ρ

(ε+A(|∇u|))αr+1
(∇u, ∇̃|∇u|) dx

+

∫
B2ρ(x0)

A(|∇u|)ϕ2
ρ

(ε+A(|∇u|))αr
(∇u,∇xHδ) dx

+ 2

∫
B2ρ(x0)

A(|∇u|)Hδ ϕρ
(ε+A(|∇u|))αr

(∇u,∇ϕρ) dx+

∫
B2ρ(x0)

B(|∇u|)Hδ ϕ
2
ρ

(ε+A(|∇u|))αr
dx.

(4.11)

Since the source term h is positive, calling ch(ρ) := min
B2ρ

h(x, u) we deduce that

ch(ρ)

∫
B2ρ(x0)

Hδ ϕ
2
ρ

(ε+A(|∇u|))αr
dx ≤ |I1|+ |I2|+ |I3|+ |IB | . (4.12)

where

I1 = −αr
∫
B2ρ(x0)

A(|∇u|)A′(|∇u|)
(ε+A(|∇u|))(αr+1)

(∇u, ∇̃|∇u|)Hδ ϕ
2
ρ dx

I2 =

∫
B2ρ(x0)

A(|∇u|)
(ε+A(|∇u|))αr

(∇u,∇xHδ)ϕ
2
ρ dx

I3 = 2

∫
B2ρ(x0)

A(|∇u|)
(ε+A(|∇u|))αr

(∇u,∇ϕρ)Hδ ϕρ dx

IB =

∫
B2ρ(x0)

B(|∇u|)
(ε+A(|∇u|))αr

Hδ ϕ
2
ρ dx.

(4.13)

The idea of the proof is to show that all above integrals are bounded and then our
estimate can be obtained by using Fatou Lemma.

By Young inequality ab ≤ τa2 + b2

4τ , we observe that∫
B2ρ(x0)

B(|∇u|)
(ε+A(|∇u|))αr

ϕ2
ρ

|x− y|γ
dx

≤
∫
B2ρ(x0)

ϕρ

(ε+A(|∇u|))αr2 |x− y| γ2
B(|∇u|)ϕρ

(ε+A(|∇u|))αr2 |x− y| γ2
dx

≤ τIF +
1

4τ

∫
B2ρ(x0)

B2(|∇u|)
(A(|∇u|))αr

ϕ2
ρ

|x− y|γ
dx

≤ τIF +
Ĉ2

4τ

∫
B2ρ(x0)

A2(|∇u|)|∇u|4

(A(|∇u|))αr
ϕ2
ρ

|x− y|γ
dx

≤ τIF +
Ĉ2

4τ

[∫
{A<1}

A2(|∇u|)|∇u|4

(A(|∇u|))αr
ϕ2
ρ

|x− y|γ
dx+

∫
{A>1}

A2(|∇u|)|∇u|4

(A(|∇u|))αr
ϕ2
ρ

|x− y|γ
dx

]
.

(4.14)
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Since p > 2 and αr > r > 0, we get that A(|∇u|)) < A(|∇u|))r on the set {A < 1}
therefore by (2.1)∫

B2ρ(x0)

B(|∇u|)
(ε+A(|∇u|))αr

ϕ2
ρ

|x− y|γ
dx

≤ τIF +
Ĉ2

4τ

∫
{A<1}

A(|∇u|)|∇u|4

(A(|∇u|))
r
p−2

ϕ2
ρ

|x− y|γ
dx

+
Ĉ2

4τ

∫
{A>1}

A2(|∇u|)|∇u|4
ϕ2
ρ

|x− y|γ
dx

≤ τIF +
Ĉ2

4τc
r
p−2

2

∫
{A<1}

A(|∇u|)|∇u|4−r
ϕ2
ρ

|x− y|γ
dx

+
Ĉ2

4τ
sup

B2ρ(x0)

(|∇u|4A2(|∇u|))
∫
{A>1}

ϕ2
ρ

|x− y|γ
dx

≤ τIF +
Ĉ2

4τc
r
p−2

2

sup
B2ρ(x0)

(|∇u|4−rA(|∇u|))
∫
{A<1}

ϕ2
ρ

|x− y|γ
dx

+
Ĉ2

4τ
sup

B2ρ(x0)

(|∇u|4A2(|∇u|))
∫
{A>1}

ϕ2
ρ

|x− y|γ
dx.

To conclude, we can assert that there exists a positive CB such that∫
B2ρ(x0)

B(|∇u|)
(ε+A(|∇u|))αr

ϕ2
ρ

|x− y|γ
dx ≤ τIF +

CB
4τ

hence by Fatou Lemma

lim sup
δ→0

|IB | =
∫
B2ρ(x0)

B(|∇u|)
(ε+A(|∇u|))αr

ϕ2
ρ

|x− y|γ
dx ≤ τIF +

CB
4τ

. (4.15)

Similarly, recalling that |∇ϕρ| ≤ 2
ρ , we get

2

∫
B2ρ(x0)

A(|∇u|)|∇u||∇ϕ|
(ε+A(|∇u|))αr

ϕρ
|x− y|γ

dx ≤ 4

ρ

∫
B2ρ(x0)

A(|∇u|)|∇u|
(ε+A(|∇u|))αr

ϕρ
|x− y|γ

dx.

(4.16)

Again we divide the last integral on the set {A > 1} and {A < 1} respectively
and we get that∫
{A>1}

A(|∇u|)|∇u|
(ε+A(|∇u|))αr

ϕρ
|x− y|γ

dx ≤ sup
B2ρ(x0)

(|∇u|A(|∇u|))
∫
B2ρ(x0)

ϕρ
|x− y|γ

dx

while, following arguing as for IB , being αr > r and A(|∇u|)) < A(|∇u|))r∫
{A<1}

A(|∇u|)|∇u|
(ε+A(|∇u|))αr

ϕρ
|x− y|γ

dx ≤ sup
B2ρ(x0)

(|∇u|1−r)
∫
B2ρ(x0)

ϕρ
|x− y|γ

dx.

Therefore we can state that there exists C3 > 0 such that

2

∫
B2ρ(x0)

A(|∇u|)|∇u||∇ϕ|
(ε+A(|∇u|))αr

1

|x− y|γ
ϕρ dx ≤ C3

and then
lim sup
δ→0

|I3| ≤ C3.
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Now we proceed further observing that, with the same procedure, we can show that
there exists C2 > 0 such that

lim sup
δ→0

|I2| ≤ C2.

It remain to consider I1: again Young inequality give us that

lim sup
δ→0

|I1| ≤ αr
∫
B2ρ(x0)

A(|∇u|)|A′(|∇u|)||∇u|
(ε+A(|∇u|))αr+1

∥∥D2u
∥∥

|x− y|γ
ϕ2
ρ dx

= αr

∫
B2ρ(x0)

ϕρ

(ε+A(|∇u|))αr2 |x− y| γ2
A(|∇u|)|A′(|∇u|)||∇u|

(ε+A(|∇u|))αr2 +1

∥∥D2u
∥∥

|x− y| γ2
ϕρ dx

≤ ατIF +
αr

4τ

∫
B2ρ(x0)

(A(|∇u|))2(A′(|∇u|))2|∇u|2

(ε+A(|∇u|))αr+2

∥∥D2u
∥∥2

|x− y|γ
ϕ2
ρ dx

≤ αrτIF +
αrM2

A

4τ

∫
B2ρ(x0)

(A(|∇u|))2

(ε+A(|∇u|))αr

∥∥D2u
∥∥2

|x− y|γ
ϕ2
ρ dx

≤ αrτIF +
αrM2

A

4τ

∫
B2ρ(x0)

(A(|∇u|))2

A(|∇u|))αr

∥∥D2u
∥∥2

|x− y|γ
ϕ2
ρ dx.

As in previous cases, in the set {A < 1}, we easily get∫
{A<1}

(A(|∇u|))2

A(|∇u|))αr

∥∥D2u
∥∥2

|x− y|γ
ϕ2
ρ dx ≤

∫
{A<1}

A(|∇u|)
A(|∇u|))

r
p−2

∥∥D2u
∥∥2

|x− y|γ
ϕ2
ρ dx

≤ 1

c
r
p−2

2

∫
{A<1}

A(|∇u|)
|∇u|r

∥∥D2u
∥∥2

|x− y|γ
ϕ2
ρ dx

so we can use Theorem 4.2 with β = 0. On the set {A > 1},∫
{A>1}

(A(|∇u|))2

A(|∇u|))αr

∥∥D2u
∥∥2

|x− y|γ
ϕ2
ρ dx ≤

∫
{A>1}

A(|∇u|)1−rA(|∇u|)
∥∥D2u

∥∥2

|x− y|γ
ϕ2
ρ dx

≤ sup
B2ρ

(A(|∇u||∇u|η)1−r
∫
{A>1}

A(|∇u|)
|∇u|η(1−r)

∥∥D2u
∥∥2

|x− y|γ
ϕ2
ρ dx

hence we can use again Theorem 4.2 with β = η(1 − r). Summarizing we obtain
the existence of a constant C1 > 0 such that

lim sup
δ→0

|I1| ≤ αrτIF +
αrM2

A

4τ
C1. (4.17)

Collecting all our estimates, from (4.12) and letting δ → 0 we have for every
r ∈ (0, 1)

(ch(ρ)− (αr + 1)τ)

∫
B2ρ(x0)

1

(ε+A(|∇u|))αr|x− y|γ
ϕ2
ρ dx ≤

αrM2
AC1

4τ
+ C2 + C3 +

CB
4τ

.

For τ su�cient small such that (ch(ρ)− (αr+1)τ) > 0, letting ε→ 0 and observing
that |Zu| = 0, we get by Fatou Lemma that
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∫
B2ρ(x0)

ϕ2
ρ

A(|∇u|)αr|x− y|γ
dx ≤ lim

ε→0

∫
B2ρ(x0)

ϕ2
ρ

(ε+A(|∇u|))αr|x− y|γ
dx ≤ C

(4.18)

where C = C(γ, β, h, ||∇u||∞, ρ, x0, α,MA, c2, τ, Ĉ).
Hence, we obtain∫

Bρ(x0)

1

(A(|∇u|))αr
1

|x− y|γ
dx ≤

∫
B2ρ(x0)

1

(A(|∇u|))αr|x− y|γ
ϕ2
ρ dx ≤ C.

Then, we obtain that ∫
Bρ(x0)

1

(A(|∇u|))αr
1

|x− y|γ
dx ≤ C. (4.19)

If Ω is a smooth domain and f is nonnegative in Ω, by Höpf Lemma we get that
Zu ∩ ∂Ω = ∅, then in a neighbourhood of ∂Ω, |∇u| is strictly positive. Arguing as
in [7, Theorem 4.2] we get (4.10).

�

Similarly to Theorem 4.6, we now show summability properties for A(|∇u|)−1

in the case 1 < p < 2.

Remark 4.7. If 1 < p < 2, we have that mA < 0. In fact, by (2.1), one has that

A(|∇u|) ≥ c2
|∇u|2−p

|∇u|→0−−−−−→ +∞.

Then if |∇u| → 0, considering also [10, Proposition 4.1], we get

c2
|∇u|2−p

≤ A(|∇u|) ≤ A(1)|∇u|mA

and so mA has to be necessarily negative. Therefore, from (4.2), we get that
α := mA+1

mA
< 0.

Theorem 4.8. Let u ∈ C1,α(Ω \ {0}) ∩ C2(Ω \ (Zu ∪ {0})) be a solution to (4.3)
with f ∈ W 1,∞(Ω) and f(x) > 0 in B2ρ(x0) ⊂ Ω. Let us suppose that p ∈ (1, 2).
Then ∫

Bρ(x0)

1

(A(|∇u|))αr
1

|x− y|γ
≤ C (4.20)

for any y ∈ Bρ(x0), with α :=
mA + 1

mA
, r ∈ (0, 1), γ < N − 2 if N ≥ 3, γ = 0 if

N = 2 and

C = C(γ, β, h, ||∇u||∞, ρ, x0, α,MA, c2, τ, Ĉ).

If Ω is a smooth domain and f is nonnegative in Ω∫
Ω̃

1

(A(|∇u|))αr
1

|x− y|γ
≤ C (4.21)

for any Ω̃ b Ω \ {0}, y ∈ Ω̃ and α :=
mA + 1

mA
, r ∈ (0, 1).
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Proof. Choose the same test function as in Theorem 4.6 (taking into account the
new value of α) and let us start from the inequality

ch(ρ)

∫
B2ρ(x0)

Hδ ϕ
2
ρ

(ε+A(|∇u|))αr
dx ≤ |I1|+ |I2|+ |I3|+ |IB | . (4.22)

by using the same notations as in proof of Theorem 4.6.
Let ε̄ > 0. To our goal, we will proceed in two di�erent ways depending on whether
we work on the set Z ε̄u := {x ∈ B2ρ(x0) : d(x, Zu) < ε̄} or B2ρ(x0) \ Z ε̄u.
If x ∈ Z ε̄u, by (2.1), there exists M ≥ 1 such that A(|∇u(x)|) > M . Then, we will
use later the following estimate

(ε+A(|∇u|))−αr < (M +A(|∇u|))−αr < (M +A(|∇u|))−α < 2−αA(|∇u|)−α;
(4.23)

while, if x ∈ B2ρ(x0) \ Z ε̄u we have that sup
B2ρ(x0)\Zε̄u

A(|∇u(x)|) < +∞. Then, there

exists C ∈ R+ such that

(ε+A(|∇u|))−αr < 2−(αr+1)(ε−αr +A(|∇u|)−αr) < C. (4.24)

By Young inequality ab ≤ τa2 + b2

4τ , we observe that

∫
B2ρ(x0)

B(|∇u|)
(ε+A(|∇u|))αr

ϕ2
ρ

|x− y|γ
dx

≤
∫
B2ρ(x0)

ϕρ

(ε+A(|∇u|))αr2 |x− y| γ2
ϕρB(|∇u|)

(ε+A(|∇u|))αr2 |x− y| γ2
dx

≤ τIF +
1

4τ

∫
B2ρ(x0)

B2(|∇u|)
(ε+A(|∇u|))αr

ϕ2
ρ

|x− y|γ
dx

≤ τIF +
Ĉ2

4τ

∫
B2ρ(x0)

A2(|∇u|)|∇u|4

(ε+A(|∇u|))αr
ϕ2
ρ

|x− y|γ
dx

≤ τIF +
Ĉ2

4τ

∫
B2ρ(x0)\Zε̄u

A2(|∇u|)|∇u|4

(ε+A(|∇u|))αr
ϕ2
ρ

|x− y|γ
dx

+
Ĉ2

4τ

∫
Zε̄u

A2(|∇u|)|∇u|4

(ε+A(|∇u|))αr
ϕ2
ρ

|x− y|γ
dx

≤ τIF +
Ĉ2

4τ
C sup
B2ρ(x0)\Zε̄u

(|∇u|4A2(|∇u|))
∫
B2ρ(x0)\Zε̄u

ϕ2
ρ

|x− y|γ
dx

+
Ĉ2

4τ2α

∫
Zε̄u

A2(|∇u|)|∇u|4A(|∇u|)−α
ϕ2
ρ

|x− y|γ
dx.

(4.25)
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By [10, Proposition 4.1] we have that A(|∇u|) ≤ A(1)|∇u|mA on Z ε̄u then∫
B2ρ(x0)

B(|∇u|)
(ε+A(|∇u|))αr

ϕ2
ρ

|x− y|γ
dx

≤ τIF +
Ĉ2

4τ
C sup
B2ρ(x0)\Zε̄u

(|∇u|4A2(|∇u|))
∫
B2ρ(x0)\Zε̄u

ϕ2
ρ

|x− y|γ
dx

+
Ĉ2A(1)2−α

4τ2α

∫
Zε̄u

|∇u|mA+3ϕ2
ρ

|x− y|γ
dx

≤ τIF +
Ĉ2

4τ
C sup
B2ρ(x0)\Zε̄u

(|∇u|4A2(|∇u|))
∫
B2ρ(x0)\Zε̄u

ϕ2
ρ

|x− y|γ
dx

+
Ĉ2A(1)2−α

4τ2α
sup
Zε̄u

|∇u|mA+3

∫
Zε̄u

ϕ2
ρ

|x− y|γ
dx.

(4.26)

To conclude, we can assert that there exists a positive CB such that∫
B2ρ(x0)

B(|∇u|)
(ε+A(|∇u|))αr

1

|x− y|γ
ϕ2
ρ dx ≤ τIF +

CB
4τ

hence by Fatou Lemma

lim sup
δ→0

|IB | ≤ τIF +
CB
4τ

. (4.27)

Similarly, recalling that |∇ϕρ| ≤ 2
ρ , we get

2

∫
B2ρ(x0)

A(|∇u|)|∇u||∇ϕ|
(ε+A(|∇u|))αr

ϕρ
|x− y|γ

dx ≤ 4

ρ

∫
B2ρ(x0)

A(|∇u|)|∇u|
(ε+A(|∇u|))αr

ϕρ
|x− y|γ

dx.

(4.28)

Again we divide the last integral on the set Z ε̄u and B2ρ(x0) \ Z ε̄u respectively and
we get, using (4.23), that

∫
Zε̄u

A(|∇u|)|∇u|
(ε+A(|∇u|))αr

ϕρ
|x− y|γ

dx ≤ 2−α
∫
Zε̄u

A(|∇u|)1−α|∇u|ϕρ
|x− y|γ

dx

≤ 2−αA(1)1−α
∫
Zε̄u

|∇u|mA(1−α)|∇u|ϕρ
|x− y|γ

dx = 2−αA(1)1−α
∫
Zε̄u

ϕρ
|x− y|γ

dx;

while, using (4.24) we get∫
B2ρ(x0)\Zε̄u

A(|∇u|)|∇u|
(ε+A(|∇u|))αr

ϕρ
|x− y|γ

dx

≤ C sup
B2ρ(x0)\Zε̄u

(A(|∇u|)|∇u|)
∫
B2ρ(x0)\Zε̄u

ϕρ
|x− y|γ

dx.

Therefore we can state that there exists C3 > 0 such that

2

∫
B2ρ(x0)

A(|∇u|)|∇u||∇ϕ|
(ε+A(|∇u|))αr

1

|x− y|γ
ϕρ dx ≤ C3

and then

lim sup
δ→0

|I3| ≤ C3.
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Now we proceed further observing that, with the same procedure, we can show that
there exists C2 > 0 such that

lim sup
δ→0

|I2| ≤ C2.

It remain to consider I1: again Young inequality give us that

lim sup
δ→0

|I1| ≤ αr
∫
B2ρ(x0)

A(|∇u|)|A′(|∇u|)||∇u|
(ε+A(|∇u|))αr+1

∥∥D2u
∥∥

|x− y|γ
ϕ2
ρ dx

= αr

∫
B2ρ(x0)

1

(ε+A(|∇u|))αr2 |x− y| γ2
ϕρ

A(|∇u|)|A′(|∇u|)||∇u|
(ε+A(|∇u|))αr2 +1

∥∥D2u
∥∥

|x− y| γ2
ϕρ dx

≤ ατIF +
αr

4τ

∫
B2ρ(x0)

(A(|∇u|))2(A′(|∇u|))2|∇u|2

(ε+A(|∇u|))αr+2

∥∥D2u
∥∥2

|x− y|γ
ϕ2
ρ dx

≤ αrτIF +
αrM2

A

4τ

∫
B2ρ(x0)

(A(|∇u|))2

(ε+A(|∇u|))αr

∥∥D2u
∥∥2

|x− y|γ
ϕ2
ρ dx.

As in previous cases, using (4.24) and choosing η as in Remark 4.1, we easily get∫
B2ρ(x0)\Zε̄u

(A(|∇u|))2

(ε+A(|∇u|))αr

∥∥D2u
∥∥2

|x− y|γ
ϕ2
ρ dx

≤ C
∫
B2ρ(x0)\Zε̄u

A(|∇u|)
∥∥D2u

∥∥2

|∇u|η|x− y|γ
A(|∇u|)|∇u|η ϕ2

ρ dx

so we can use Theorem 4.2 and Remark 4.1 to conclude that this term is �nite. On
the set Z ε̄u, by (4.23), one has∫
Zε̄u

(A(|∇u|))2

(ε+A(|∇u|))αr

∥∥D2u
∥∥2

|x− y|γ
ϕ2
ρ dx ≤ 2−αr

∫
Zε̄u

A(|∇u|)
∥∥D2u

∥∥2

|x− y|γ
A(|∇u|)1−αr ϕ2

ρ dx

≤ 2−αrA(1)1−αr
∫
Zε̄u

A(|∇u|)
∥∥D2u

∥∥2

|x− y|γ
|∇u|mA(1−αr) ϕ2

ρ dx

= 2−αrA(1)1−αr
∫
Zε̄u

A(|∇u|)
∥∥D2u

∥∥2

|x− y|γ |∇u|mA(αr−1)
ϕ2
ρ dx

hence we can use again Theorem 4.2 with β = mA(αr−1). Summarizing we obtain
the existence of a constant C1 > 0 such that

lim sup
δ→0

|I1| ≤ αrτIF +
αrM2

A

4τ
C1. (4.29)

Collecting all our estimates, from (4.22) and letting δ → 0 we have for every
r ∈ (0, 1)

(ch(ρ)− (αr + 1)τ)

∫
B2ρ(x0)

1

(ε+A(|∇u|))αr|x− y|γ
ϕ2
ρ dx ≤ C̃1 + C2 + C3 + C̃B .

For τ su�cient small such that (ch(ρ)− (αr+ 1)τ) > 0, letting ε→ 0 and recalling
that |Zu| = 0, we get by Fatou Lemma that
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∫
B2ρ(x0)

ϕ2
ρ

A(|∇u|)αr|x− y|γ
dx ≤ lim

ε→0

∫
B2ρ(x0)

ϕ2
ρ dx

(ε+A(|∇u|))αr|x− y|γ
≤ C (4.30)

where C = C(γ, β, h, ||∇u||∞, ρ, x0, α,MA, c2, τ, Ĉ).
Therefore, we obtain∫

Bρ(x0)

1

(A(|∇u|))αr
1

|x− y|γ
dx ≤

∫
B2ρ(x0)

1

(A(|∇u|))αr|x− y|γ
ϕ2
ρ dx ≤ C.

i.e. the claim.
If Ω is a smooth domain and f is nonnegative in Ω, by Höpf Lemma we get that

Zu ∩ ∂Ω = ∅, then in a neighbourhood of ∂Ω, |∇u| is strictly positive. Arguing as
in [7, Theorem 4.2] we get (4.21). �

Theorem 4.6 and 4.8 state that in case of A(t) = tp−2 for p > 1, we exactly
�nd [14, Theorem 2.3]; the same choice made in [7, Theorem 4.2] for p > 2 give
us a closer interval for the power α and a di�erent interval for p ∈ (1, 2). The
summability properties obtained in this section can be exploited e.g. in the study
of geometric qualitative properties of the solutions, see [8]. Here we emphize some
further regularity consequences in the following

Proposition 4.9. Let Ω be a smooth domain, Ω̃ b Ω \ {0}, u ∈ C1(Ω \ {0}) be a
weak solution to (4.3) and suppose that f is nonnegative and f ∈ W 1,∞(Ω̄). Then

|uij | ∈ L2(Ω̃) if 1 < p < 3. If p ≥ 3, then |uij | ∈ Lq(Ω̃) with q <
p− 1

p− 2
.

Proof. By Remark 4.5, for every β < 1 we have

|∇u|
p−2−β

2 uij ∈ L2(Ω̃).

Then, if 1 < p < 3 we can choose β such that p − 2 − β < 0 obtaining that
uij ∈ L2(Ω̃).
Instead, for the case p ≥ 3, by Holder inequality with conjugate exponents 2

q and
2

2−q , for η ∈ [0, 1) we can apply Remark 4.5, obtaining

∫
Ω̃

|uij |q dx =

∫
Ω̃

|uij |qA(|∇u|)
q
2

|∇u| ηq2
|∇u|

ηq
2

A(|∇u|) q2
dx

≤
(∫

Ω̃

|uij |2A(|∇u|)
|∇u|η

dx

) q
2

(∫
Ω̃

|∇u|
ηq

2−q

A(|∇u|)
q

2−q
dx

) 2−q
2

≤ cC
q
2

(∫
Ω̃

A(|∇u|)
ηq

(2−q)(p−2)

A(|∇u|)
q

2−q
dx

) 2−q
2

= cC
q
2

(∫
Ω̃

1

A(|∇u|)
q

2−q (1− η
p−2 )

dx

) 2−q
2

.

For the last integral, we show that if q < p−1
p−2 , we can choose η ∈ [0, 1) such that

q

2− q

(
1− η

p− 2

)
<
p− 1

p− 2
; (4.31)

hence, exploiting Theorem 4.6, we get(∫
Ω̃

1

A(|∇u|)
q

2−q (1− η
p−2 )

dx

) 2−q
2

< +∞.
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In fact, let be consider ε > 0 and q = p−1
p−2+ε <

p−1
p−2 in (4.31). Observing that

q < p−1
p−2 < 2, the left-hand side of (4.31) becomes

q

2− q

(
1− η

p− 2

)
=
p− 1

p− 2

(
p− 2− η
p− 3 + 2ε

)
.

Choosing η > 1− 2ε, we get that(
p− 2− η
p− 3 + 2ε

)
< 1;

hence, for this choice of η, (4.31) is veri�ed. Therefore, |uij | ∈ Lq(Ω̃) with q <
p− 1

p− 2
.

�

Arguing as in [14, Proposition 2.2], the following can be proved:

Theorem 4.10. Let Ω be a smooth domain, u ∈ C1(Ω̄ \ {0}) be a weak solution
to (4.3), f ∈ W 1,∞(Ω̄) and f nonnegative function. Then if 1 < p < 3, ui ∈
W 1,2
loc (Ω \ {0}), while if p ≥ 3 then ui ∈ W 1,q

loc (Ω \ {0}), for every i = 1, ..., N and

for every q <
p− 1

p− 2
. Moreover the generalized derivatives of ui coincide with the

classical ones, both denoted with uij almost everywhere in Ω.

Remark 4.11. Since q < p−1
p−2 < 2, by Theorem 4.10, we have that for every i =

1, ..., N

ui ∈W 1,q
loc (Ω \ {0}) for 1 < p <∞.

By Stampacchia Theorem [33, Theorem 1.56], we get that

∇ui = 0 a.e. in {ui = 0}, for i = 1, ..., N.

Then, the choice to set zero the second derivatives of u in (4.1) is completely
justi�ed.
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