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ABSTRACT
In this paper, we present a novel receding horizon control scheme for solving the formation prob-
lem of leader–follower configurations. The algorithm is based on set-theoretic ideas and is tuned for
agents described by linear time-invariant systems subject to input and state constraints. The nov-
elty of the proposed framework relies on the capability to jointly use sequences of one-step con-
trollable sets and polyhedral piecewise state-space partitions in order to online apply the ‘better’
control action in a distributed receding horizon fashion. Moreover, we prove that the design of both
robust positively invariant sets and one-step-ahead controllable regions is achieved in a distributed
sense. Simulations and numerical comparisons with respect to centralised and local-based strategies
are finally performed on a group of mobile robots to demonstrate the effectiveness of the proposed
control strategy.

1. Introduction

In last years, control and coordination ofmulti-agent net-
work systems have emerged as topics of major interest
(Fax & Murray, 2004; Jadbabaie, Lin, & Morse, 2003; Ji,
Lin, & Yu, 2015; Lin, Broucke, & Francis, 2004; Liu, Chu,5
Wang, & Xie, 2006; Mu, Chu, & Wang, 2005; Shi, Wang,
& Chu, 2006; Tanner, Pappas, & Kumar, 2004; Wang &
Slotine, 2006). This is partly due to broad applications of
multi-agent systems in cooperative control of unmanned
air vehicles, scheduling of automated highway systems,10
formation control of satellite clusters and congestion con-
trol in communication networks. Along this direction,
most of the studies have been greatly inspired by the ubiq-
uitous cooperative behaviour of biological swarms, such
as ant colonies, bird flocks and fish schools, where collec-15
tive motions may emerge from groups of simple individ-
uals through limited interactions. Essentially, a coopera-
tive multi-agent system consists of a set of autonomous
agents that interact with one another in a shared environ-
ment in order to reach a common goal or to optimise a20
global performance measure.

Of interest here is the class of distributed model
predictive control (DMPC)-based approaches that have
been successfully proposed in the last decade (see
Christofides, Scattolini, de la Peña, & Liue, 2013) for an25
extensive discussion and a detailed literature review. In
Dunbar (2007), a DMPC scheme for coupled nonlinear

CONTACT Walter Lucia walter.lucia@concordia.ca

systems subject to decoupled constraints was designed.
In Magni and Scattolini (2006), a decentralised MPC
was proposed for nonlinear systems with no informa- 30
tion exchange amongst local controllers and the stability
of the decentralised control system was ensured by a set
of contractive constraints. In Stewart, Venkat, Rawlings,
Wright, and Pannocchia (2010), a cooperative DMPC
scheme was developed for linear systems with guaran- 35
teed stability of the closed-loop system and convergence
of the cost to its optimal value. InMaestre, de la Peña, and
Camacho (2011), a game-theory-based DMPC scheme
for constrained linear systemswas proposed, while in Liu,
Chen, de la Peña, and Christofides (2010), a sequential 40
and iterative DMPC architecture was designed for non-
linear systems via Lyapunov-based control techniques. A
control scheme for distributed sensing using a leader–
follower multi-agent architecture has been presented in
Galbusera, Ferrari-Trecate, and R.Scattolini (2013). A rel- 45
evant feature of this approach relies on the capability to
combine hybrid control and MPC techniques with the
aim to plan sensing manoeuvres under the satisfaction
of input constraints. Moreover, recent contributions (see
Necoara, Dumitrache, & Suykens, 2012; Shi et al., 2006; 50
Stewart et al., 2010; Tanner et al., 2004; Wang & Slotine,
2006; Wesselowski & Fierro, 2003) have shown that spe-
cificMPC strategies can represent an attractive alternative
for control problems where distributed and fast solutions
are mandatory. Along these lines, those MPC strategies 55
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that move offline most of computations pertaining to the
online derivation of the command input are particularly
appealing, e.g. the multi-parametric quadratic program
(mp-QP) approach of Bemporad, Morari, Dua, and Pis-
tikopoulos (2002) and the ellipsoidal strategies in Angeli,60
Casavola, Franzè, and Mosca (2008).

In this paper, we will develop a novel distributed
discrete-time receding horizon strategy for solving the
formation problem of leader–follower networks for
agents subject to prescribed state and input constraints.65
This problem is here attacked by exploiting the basic set-
theoretic approach proposed in Angeli et al. (2008) and
successfully applied in different contests (see e.g. Franzè
& Lucia, 2015, Franzè & Lucia, 2016). Preliminary results
of Franzè and Tedesco (2013) and Franzè, Lucia, Tedesco,70
and Scordamaglia (2014) are here extended to guaran-
tee constraint fulfillment and large domain of attraction.
Moreover, a distributed strategy that preserves all the
properties pertaining to the basic scheme is achieved by
developing a hybrid scheme that combines in a unique75
framework of the dual-modeMPC strategy ofAngeli et al.
(2008) and an adequate robust extension of the explicit
MPC algorithm of Bemporad et al. (2002). As it will be
clarified and proved in the subsequent developments, the
latter is required in order to ensure the feasibility reten-80
tion property and to enlarge as much as possible the
domain of attraction.

The main ingredients of the proposed model-based
predictive strategy can be summarised as follows:

� Compute pairs of stabilising state-feedback laws and85
robust positively invariant ellipsoidal sets (for all the
subsystems/agents) under the requirement that such
regions give rise to a Cartesian product structure.

� Enlarge the sets of initial states that, according to the
leader–follower configuration, can be steered to the90
target in a finite number of steps.

� Compute polyhedral state-space partitions and the
corresponding piecewise linear controllers of the
domains of attraction pertaining to all the aug-
mented subsystems (current agent + predecessor).95

� At each sample time, an online distributed receding
horizon strategy is obtained by deriving the small-
est region complying with the leader–follower con-
figuration. The control moves are locally computed
by minimising a decoupled performance index such100
that the one-step-ahead state prediction belongs to
its successor set.

A key feature of this scheme is its intrinsic capability
to move offline most of the required computations so
rendering the online needed computational resources105
significantly modest. Indeed, feasible command inputs

can be computed by solving a simple quadratic
programming (QP) problem under linear constraints.
Differently from the existing competitor strategies, the
proposed scheme allows a low degree of communication 110
interactions during the input computation phase because
few data exchanges are required amongst the involved
agents. Finally, an illustrative example is presented in
order to show the benefits of the proposed DMPC strat-
egy. In particular, numerical comparisons with respect 115
to centralised and decentralised benchmark schemes
are provided in terms of achievable domains of attrac-
tion and control performance to clearly put in light the
advantages of the derived control scheme.

Notations and preliminaries 120

Definition 1.1: Given a set S ⊆ IRn, In[S] � S denotes its
inner ellipsoidal approximation.
Definition 1.2: Given a set S ⊆ X ×Y ⊆ IRn × IRm, the
projection of the set S onto X is defined as ProjX(S) � {x
� X |�y � Y s.t.(x, y) � S}. 125

Let us consider the following discrete-time plant
description:

xp(t + 1) = �xp(t ) + Gu(t ) (1)

where t ∈ ZZ+ := {0, 1, . . .}, xp(t ) ∈ IRn denotes the
plant state and u(t ) ∈ IRm the control input. Moreover,
the system (1) is subject to the following set-membership 130
state and input constraints:

u(t ) ∈ U , ∀t ≥ 0,U := {u ∈ IRm | uTu ≤ ū}, (2)

xp(t ) ∈ X , ∀t ≥ 0,X := {
xp ∈ Rn| xTp xp ≤ xp

}
, (3)

with u > 0, xp > 0, and U , X compact subsets of Rm

and Rn, respectively.
Definition 1.3: A set � ⊆ IRn is robustly positively 135
invariant for (1) if once the state xp(t) enters that set at
any given time t0, it remains inside for all future instants,
i.e. xp(t0) � � → xp(t) � �, �t � t0.

Moreover, it is possible to compute the sets of states
i-step controllable to � via the following recursion (see 140
Blanchini & Miani, 2008):

�0 := �

�i := {xp ∈ X : ∃ u ∈ U : �xp + Gu ∈ �i−1}, (4)

where �i is the set of states that can be steered into �i−1
using a single move with a causal control. By induction,
we have that �i is the set of states that can be steered into
� in at most i control moves. 145
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With

x+
p = �xp + Gu,

we denote any element of the state space IRn achieved by
applying an admissible input u ∈ U along the one-step-
ahead state evolution law.

2. Problem formulation150

In this paper, we focus on large-scale systems of leader–
follower type. As it is well known, leader–follower system
architectures imply that each subsystem, from the second
one onwards, is influenced by the previous agent.We con-
sider leader–follower linear time-invariant (LTI) systems,155
for which the dynamics of the first subsystem is

x1(t + 1) = A1x1(t ) + B1u1(t ), (5)

while the remaining agents are described by the following
dynamical equations:

xi(t + 1) = Aixi(t ) + Biui(t ) + Ai,i−1xi−1(t )
+Bi,i−1ui−1(t ), i = 2, . . . , l, (6)

where xi ∈ IRni and ui ∈ IRmi are the state and input vec-
tors of the ith subsystem, Ai ∈ IRni×ni and Bi ∈ IRni×mi160
the state and input matrices for the ith subsystem, while
Ai,i−1 ∈ IRni×ni−1 and Bi,i−1 ∈ IRni×mi−1 are the coupling
matrices which define the influence of the (i − 1)th sub-
system upon the ith one. Moreover, the following input
and state constraints are prescribed for each ith subsys-165
tem:

ui(t ) ∈ U i, ∀t ≥ 0,U i := {ui ∈ IRmi | uiT ui ≤ ūi}, (7)

xi(t ) ∈ X i, ∀t ≥ 0,X i := {xi ∈ IRni | xiT xi ≤ xi}, (8)

with ui > 0, xi > 0, and U i, X i compact subsets of Rm

and Rn, respectively.

Assumption 2.1: Without loss of generality, we shall con-170
sider leader–follower networks whose agents have the same
state-space and input dimensions, n andm, respectively, i.e.
n1 = n2 = ��� = nl = n and m1 = m2 = ��� = ml = m
Assumption 2.2: (Communication facilities): At each
time instant t, each ith follower subsystem knows the cur-175
rent state and input values of the (i − 1)th subsystem.

Then, the problem we want to solve can be stated as
follows.

Distributed control problem for leader–follower
networks (DC-LF-N): Given the leader and followers180

plant models (5) and (6), determine a distributed state-
feedback control policy

u1(t ) = g(x1(t )),
ui(t ) = g(xi(t ), xi−1(t ), ui−1(t )), i = 2, . . . , l, (9)

compatible with (7) and (8), such that start-
ing from an admissible initial condition x(0) = 185
[x1T (0), x2T (0), . . . xlT (0)]T , the state trajectory of each
ith agent is asymptotically driven to 0n

In the sequel, the problem will be addressed by means
of the dual-mode receding horizon control approach pro-
posed in Angeli et al. (2008) which prescribes the compu- 190
tation of (1) a robust stabilising state-feedback control law
and the corresponding ellipsoidal region; (2) a sequence
of one-step-state-ahead controllable sets.

In order to exploit the ideas of Angeli et al. (2008)
for dealing with theDC-LF-N problem, the following key 195
question must be analysed:

How can one define terminal ellipsoidal regions and
sequences of one-step controllable sets for each subsystem
within a distributed framework such that there exist feasi-
ble commands compatible with the dynamics (5) and (6)? 200

The next sectionwill provide a solution to this relevant
issue.

3. Robustly positively invariant regions and
one-step controllable set sequences

The aim of this section is to characterise terminal pairs, 205
i.e. stabilising controllers (Ki) and ellipsoidal regions
(�i

0), and one-step controllable sets according to theDC-
LF-N problem prescriptions.

3.1 Terminal sets

Due to the distributed nature of the proposed framework, 210
it is necessary to find a terminal constraint set which pre-
serves the following Cartesian structure:

�0 :=
l∏

i=1

�i
0 (10)

where�0 ⊂ IRnl is in principle the terminal set of the cen-
tralised system achievable by using (5) and (6).

Then, the simplest way to design terminal pairs com- 215
plying with (10) is to initially compute the pair (K1, �1

0)

pertaining to the leader because its dynamics (5) does not
depend on the other subsystem behaviours. Hence, the
remaining pairs (Ki, �i

0), i = 2, . . . , l, are determined
by resorting to a ‘worst-case’ approach. 220
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Specifically, the leader terminal pair (K1, �1
0) is

obtained by solving a standard semi-definite program-
ming (SDP) problem as outlined, for example, in
Kothare, Balakrishnan, and Morari (1996). While the
follower pairs (Ki, �i

0), i = 2, . . . , l, require different225
arguments because of the coupled terms Ai, i − 1xi − 1 and
Bi, i − 1ui − 1. Therefore, for each follower of the ith sub-
system, Ai, i − 1xi − 1 and Bi, i − 1ui − 1 can be considered as
unknown bounded disturbances in view of terminal set
computed for the (i − 1)th agent, i.e. xi−1 ∈ �i−1

0 . As a230
consequence, the robust positively invariant ellipsoid �i

0
can be obtained by resorting to SDP procedures based on
P-difference arguments (see Kurzhanski & Valyi, 1997).

3.2 One-step controllable sets

Herewedetermine, for each ith agent, a family of one-step235
controllable sets �i

j to the target sets �i
0, i = 1, . . . , l by

carefully taking care that the one-step state predictions
are evaluated along interacting subsystem models.

Therefore, in order to derive one-step controllable
regionswhich ensure at each time instant admissible solu-240
tions to the DC-LF-N problem, the following issues have
to be taken into account:

(1) For each ith agent, the local pair (xi(t), ui(t))must be
compatible with the (i + 1)th agent dynamics, i.e.

xi+1(t + 1) = Ai+1xi+1(t ) + Bi+1ui+1(t )
+Ai+1,ixi(t ) + Bi+1,iui(t ).

(2) The ith sequence {�i
j} should be built such that each245

element�i
j guarantees that the one-step state evolu-

tion

xi
+ = Aixi + Biui + Ai,i−1xi−1 + Bi,i−1ui−1, xi∈�i

j

(11)

is at least confined within �i
j.

Point (1) first prescribes that the controllable
sequences have to be computed by resorting to the follow-250
ing extended space description xiaug = [xiT , uiT , xi−1T ,

ui−1T ]T and, therefore, from now on they will be named
as {T i

j }, i = 1, . . . , l.
Then, it is necessary to proceed with the set construc-

tion in ‘backwards’: the l set sequences are achieved level-255
by-level and starting from the last element of the leader-
follower architecture, i.e. the lth follower subsystem (6).
In this way, it can be ensured that each one-step control-
lable region T i

j is compatible with the set T i−1
j pertaining

to the (i− 1)th subsystemwhose dynamics is shared with260
the ith agent.
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Figure . One-step controllable set construction.

One of themain consequences of the above arguments
is that (11) becomes

xi
+ = Aixi + Biui + Ai,i−1xi−1 + Bi,i−1ui−1, xi ∈ Exi

j ,

(12)
with

Exi
j := Projxi

{
T i
j
}

(13)

in place of �i
j. 265

For the sake of clarity, the illustrative example of
Figure 1 is provided. There, the following admissible sce-
narios occur:

(A) The one-step evolution xi+aug belongs to T i
j .

(B) xi+aug remains confined into Exi
j−1 × Eui

j−1 × Exi−1

j−1 × 270

Eui−1

j−1 .

Since the one-step controllable sets are derived under
(12), the set-membership xi+ ∈ Exi

j does not necessarily
translate into xi+aug ∈ T i

j .This is depicted in Figure 1 when
the scenario B is considered. The main consequence of 275
this unfavourable situation is that the grey zones could
lead to loss of feasibility: in fact by iterating this reason-
ing at a certain time instant, it is no longer ensured the
existence of an admissible command input because the
augmented state xi+aug is outside the domain of attraction 280
T i
N . To overcome such a drawback, the idea would be to

build the sequences {T i
j }, i = 1, . . . , l, by imposing for

each jth iteration of the following additional constraint
(see the polyhedron boxing T i

j−2 and contained in T i
j−1

in Figure 1): 285

Exi
j−1 × Eui

j−1 × Exi−1

j−1 × Eui−1

j−1 ⊆ T i
j , i = 1, . . . , l,

(14)
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where

Eui
j := Projui

{
T i
j
}
. (15)

In principle, the construction of the l controllable
sequences should take care of (14) at each step of recur-
sions (4), but this leads to conservative results because
(14) essentially is a stopping criterion during the compu-290
tation of T i

j . A way to mitigate such a disadvantage is to
proceed as follows:

(1) Compute the one-step controllable sequence
{T i

j }Ni
j=1 without taking into account (14) and with

Ni the saturation level on the sequence growth295
(see Theorem 3.1).

(2) If

Exi
Ni−1 × Eui

Ni−1 × Exi−1

Ni−1 × Eui−1

Ni−1 � T i
Ni

, (16)

then compute (e.g. the grey regions of Figure 1)

⋃
s

Ri
s :=

(
Exi
Ni−1× Eui

Ni−1× Exi−1

Ni−1× Eui−1

Ni−1

)
\T i

Ni
.

(17)
(3) Determine local controllers for the external

regionsRi
s capable to achieve constraints satisfac-300

tion and to ensure that there exists a finite time
ti < 	 such that

xiaug(t + t i) ∈ T i
Ni

.

The idea behind the exploitation of points (1)–(3)
relies on the fact that the sequences {T i

j }Ni
j=1, i = 1, . . . , l,

can be build under the following nesting condition:305

T i
j−1 ⊂ T i

j (18)

Therefore, even if at each step the requirement (14) does
not hold true, this does not compromise the admissibil-
ity thanking to (18). The only hitch could rise at the sat-
uration level Ni where it is necessary to ensure the exis-
tence of feasible command inputs also for (17). This can310
be ensured by first considering that along the ith one-step
evolution,

xi(t + 1) = Aixi(t ) + Biui(t ) + Ai,i−1xi−1(t )
+Bi,i−1ui−1(t )

the term Ai, i − 1xi − 1(t) + Bi, i − 1ui − 1(t) assumes the
role of an exogenous disturbance with xi−1 ∈ Exi−1

Ni−1
and

ui−1(t ) ∈ U i−1. Then, a possible way to proceed is to315
resort the well-reputed approach developed in Bempo-
rad et al. (2002) and extended to the robust case in, for

example, Sakizlis et al. (2004) andGao andChong (2012).
There, at each time instant t, the following receding hori-
zon optimal control problem is formulated: 320

min
Ui

max
Di

J(Ui, xi(t )), (19)

such that
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

xi(t + k|t ) ∈ X i, ui(t + k|t ) ∈ U i, k = 1, . . . ,N,

xi(t|t ) = xi(t ),
xi(t + k|t ) = Aixi(t + k|t ) + Biui(t + k|t )+
Widi(t + k|t ), k ≥ 0,
ui(t + k|t ) = Ki

LQRx
i(t + k|t ), k ≥ N,

(20)
where

� J(Ui, x(t )) � xiT (t + N|t )Pixi(t + N|t )+ ∑N−1
k=0 ×

xiT(t+k|t )Qixi(t + k|t )+uiT (t + k|t )Riui(t + k|t );
� Ui � [uiT (t|t ) · · · uiT (t + N − 1|t )]T ; 325
� Wi = [Ai, i − 1 Bi, i − 1] and di(t + k|t ) :=
[x(i−1)T (t + k|t ) u(i−1)T (t + k|t )]T ∈ Exi−1

Ni−1
× U i−1;

� Di � [diT (t|t ) · · · diT (t + N − 1|t )]T ;
� xi(t + k|t) denotes the predicted state vector at t+ k
obtained by applying the input sequence {ui(t|t),… , 330
ui(t + k − 1|t)} to (6) starting from xi(t|t);

� Ri = RiT > 0, Qi = QiT ≥ 0, Pi = PiT ≥ 0;
� Ki

LQR is the feedback gain obtained jointly with
the matrix Pi as the solution of the unconstrained
infinite-horizon linear quadratic regulator prob- 335
lem with weights Qi and Ri, see e.g. Snzaier and
Damborg (1987);

� N the prediction horizon.

The optimisation (19)–(20) can be recast as anmp-QP,
whose solution consists of a set of affine control functions 340
in terms of states and set of regions where these functions
are valid. Specifically, one computes piecewise linear, con-
tinuous and explicit state-feedback controllers of the fol-
lowing form:

u(xi
∗
) = Fi

kx
i∗ + gik, if Hi

kx
i∗ ≤ bik, k = 1, . . . ,Ni

p,

(21)
while the corresponding Ni

p validity regions are obtained 345
as the polyhedral partition of a suitable subset P i of the
parameter set X i, with P i the minimal inner polyhedral
approximation of X i such that

⋃
s

Projxi
{
Ri

s
} ⊆ P i. (22)

For more technical details on the mp-QP approach, the
interested reader can refer to Bemporad et al. (2002) and 350
Sakizlis et al. (2004).
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Remark 3.1: Notice that the polyhedral partition arising
from the requirement (22) can be made less conservative
by exploiting the following arguments:

� Group the sets such that Ri
s ∩ Ri

r �= ∅, ∀s �= r.355
Compute the union setMi

u of such regions.
� Determine the closest (in the 2-norm sense) equilib-
ria x̄iaugu ∈ T i

Ni
to eachMi

u.
� Compute polyhedral partitions and related
sequences of explicit state-feedback controllers360
by using as targets the equilibria x̄iaugu .

The following result summarises the above develop-
ments.

Theorem 3.1: Let T i
0 �= ∅, i = 1, . . . , l be given

robustly invariant ellipsoidal regions complying with365
(7)–(8). Let x1aug = [x1T , u1T , x1T , u1T ]T ∈ IR2n+2m and
xiaug = [xiT , uiT , xi−1T , ui−1T ]T ∈ IR2n+2m, i = 2, . . . , l,
the augmented state spaces describing the dynamics of
subsystems (5) and (6), respectively. Then, the one-step
controllable sets sequence {T i

j }, i = 1, . . . , l, are obtained370
by means of the following recursions:

T l
j = {

xlaug∈X l × U l × X l−1 × U l−1 : Alxl + Blul

+ Al,l−1xl−1 + Bl,l−1ul ∈ Exl
j−1

}
(23)

T i
j = {xiaug ∈T i+1

j ∩ (X i × U i × X i−1 × U i−1) :

Aixi + Biui + Ai,i−1xi−1 + Bi,i−1ui−1∈Exi
j−1},

i = l − 1, . . . , 2; (24)
T 1
j = {x1aug ∈ T 2

j ∩ (X 1 × U1 × X 1 × U1) : A1x1

+ B1u1 ∈ Ex1
j−1} (25)

T i
j−1 ⊂ T i

j , ∀ j, and i = 1, . . . , l. (26)

Moreover, let

� P i, i = 1, . . . , l be the polyhedra satisfying (22):
�

xi(t + 1) = Aixi(t ) + Biui(t ) + Ai,i−1xi−1(t ) + Bi,i−1ui−1(t ),
∀xi−1(t ) ∈ Exi−1

Ni−1
,∀ui−1(t ) ∈ U i, i = 1, . . . , l, (27)

the state evolution law for each agent with
Ai, i − 1xi − 1(t) + Bi, i − 1ui − 1(t) bounded exoge-375
nous disturbances;

� S i
k := {Hi

kx
i ≤ bik} ⊂ P i, k = 1, . . . ,Ni

p, i =
1, . . . , l, the polyhedral regions defining the par-
tition of P i, i = 1, . . . , l;

�

u(xi) = Fi
kx

i + gik, ∀xi ∈ {
Hi

kx
i ≤ bik

}
,

k = 1, . . . ,Ni
p, i = 1, . . . , l, (28)

continuous piecewise affine LQ controllers with Fi
k ∈ 380

IRm×n and gik ∈ IRm×1;
�

ki = argmax
j

{
j | Exi

j × Eui
j × Exi−1

j × Eui−1

j ⊆ T i
Ni

}
,

i = 1, . . . , l.
(29)

Then, each state [x1T x2T · · · xlT ]T ∈ Ex1
j × Ex2

j × · · · ×
Exl
j will be confined into Ex1

k1 × Ex2
k2 × · · · × Exl

kl in a finite
number of steps.

Proof: Because each ith follower dynamics (6) depends 385
on the current state pertaining to the (i − 1)th subsys-
tem until that the leader dynamics (5) is considered, we
have to ensure that each admissible state belonging to T i

j
is also admissible for the construction of the one-step-
ahead region T i+1

j related to the (i + 1)th subsystem. To 390
comply with this idea the simplest, though not optimal,
way is to start the construction of the sequences family
{T i

j }, i = 1, . . . , l, from the last subsystem, i.e. lth fol-
lower. Then, the (l − 1)th subsystem of one-step con-
trollable set (same level, i.e. j) is computed under the set- 395
membership requirement that the quadruple (xl−1, ul−1,
xl − 2, ul − 2) belongs to T l

j (Equation (24)) which makes
compatible the (l − 1)th subsystem dynamics (6) with
the lth one-step controllable sequence. By induction, the
same arguments apply to the successive agents. 400

As the second part of the theorem is concerned, the
following arguments can be exploited. If at the satura-
tion levelNi the condition (16) holds true, the non-empty,
non-convex region (17) comes out, there exists ki such
that (29) is valid and the piecewise partition of the polyhe- 405
dron P i, covering

⋃
s Projxi{Ri

s}, is determined by refer-
ring to the local dynamics (27). Then, the jointly action
due to controllers (28) and to the contraction property
(14) allows to ensure that whatever is the current overall
state 410

[x1
T
(t ) x2

T
(t ) · · · xlT (t )]T ∈ Ex1

j × Ex2
j × · · · × Exl

j ,

the state trajectory is driven by construction in a decen-
tralised fashion and in a finite number of steps inside
Ex1
k1 × Ex2

k2 × · · · × Exl
kl . �

4. The distributed model predictive control 415
algorithm

The results of the previous section are the key ingredients
for developing a new distributed sequential control strat-
egy whose main features are the simplicity in the design
phase and low communication requirements. Specifically, 420
the proposed scheme will rely on the properties of the
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leader–follower hierarchy in the sense that each ith agent
makes a decision just before the successive (i+ 1)th agent.

To this end, two issues have to be carefully investigated:
(1) local command input computation; (2) checking aug-425
mented set-membership state.

4.1 Local command input computation

The ith subsystem selects its local command ui by resort-
ing to the current state measurement xi(t) and to the
information (xi − 1(t) and ui − 1(t)) received from the (i−430
1)th predecessor agent. Then, the local input ui(t) is com-
puted according to the following optimisation problem:

ui(t ) = argmin
ui

J j(t )(xi(t ), ui, xi−1(t ), ui−1(t )) (30)

subject to

Aixi(t ) + Biui + Ai,i−1xi−1(t )
+Bi,i−1ul−1(t ) ∈ Exi

j(t )−1, u
i ∈ U i (31)

Here, the running cost Jj(t)(xi(t), ui, xi − 1(t), ui − 1(t)) is
chosen without loss of generality as follows:435

J j(t )(xi(t ), ui, xi−1(t ), ui−1(t )) �
‖Aixi(t ) + Biui + Ai,i−1xi−1(t ) + Bi,i−1ui−1(t )‖2

(Pij(t )−1)
−1

(32)

where Pi
j(t )−1 is the shaping matrix of the ellipsoidal

region Exi
j(t ) = {xi ∈ IRni | (xi)T (Pi

j(t )−1)
−1xi ≤ 1}.

Proposition 4.1: The optimisation problem (30)–(31) can
be solved by the following SDP problem:

ui(t ) = argmin γi
ui

(33)

subject to440

[
γi (xi+ )T

∗ Pi
j(t )−1

]
≤ 1,

[
ū (ui)T

∗ I

]
≤ 1. (34)

Proof: The optimisation problem (30)–(31) can be
rewritten as follows:

ui(t ) = argmin γi
ui

(35)

subject to

{
(xi+ )T (Pi

j(t )−1)
−1(xi+ ) ≤ γi, γi ≤ 1

(ui)T (ui) ≤ ū.
(36)

By means of Schur complements, (33)–(34) come out. � 445

Slight differences arise when the leader subsystem (5) is
concerned. In fact, the leader does not make use of any
information related to the other agents and determines
the command u1(t) by only using the state measurements
x1(t). As a consequence, the following optimisation prob- 450
lem results:

u1(t ) = argmin
u1

J j(t )(x1(t ), u1) (37)

subject to

A1x1(t ) + B1u1 ∈ Ex1
j(t )−1, u

1 ∈ U1 (38)

where

J j(t )(x1(t ), u1) � ‖A1x1 + B1u1‖2
(P1j(t )−1)

−1 (39)

Proposition 4.2: The optimisation problem (37)–(38) can
be solved by the following SDP problem: 455

u1(t ) = argmin γ1
u1

(40)

subject to

[
γ1 (A1x1(t ) + B1u1)T

∗ P1
j(t )−1

]
≤ 1,

[
ū (u1)T

∗ I

]
≤ 1.

(41)
Proof: By using the same arguments of Proposition 4.1.

�

4.2 Augmented set-membership state 460

One of the tricky aspects pointed out in the developments
of Section 3 and, more specifically, in Theorem 3.1, is
that the set-membership state must be checked on the
augmented state-space xiaug = [xiT , uiT , xi−1T , ui−1T ]T in
order to ensure a correct control move selection. 465

To this aim, the main difficulty relies on the fact that
during the online operations for each ith agent, only the
triplet (xi(t), xi − 1(t), ui − 1(t)) is available; therefore, the
set-membership is subject to the solution of the optimi-
sation (30)–(31) (respectively, (37)–(38) for the leader). 470

As a consequence in order to check the set-
membership state, the local command computation
ui(t) must be performed.

Then to ensure that at each time instant a feasible input
ui(t) there always exists an admissible, though not opti- 475
mal, way to solve the SDP (30)–(31) (resp. (37)–(38))
by considering as the projected set-membership region
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the saturation level region Exi
Ni−1 (resp. Ex1

N1−1) irrespec-
tive of which is the current Exi

j(t )−1 (resp. Ex1
j(t )−1). ThisQ1

optimisation can lead to the following different scenar-480
ios:

M1: If a solution exists, then xiaug(t ) ∈ T i
Ni−1 (resp.

T i
N1−1);

M2: else xiaug(t ) ∈
⋃
s

Ri
s

Once this feasible command has been obtained485
(namely M1), the solution could be improved as fol-
lows. Let j̄ be the minimum integer such that x1(t ) ∈
Ex1
j̄ , the optimisation (30)–(31) (resp. (37)–(38)) is first

performed with Exi
j̄ (resp. Ex1

j̄ ), then a bisection search

amongst the initial and final ellipsoid extremes Exi
j̄+1 and490

Exi
Ni−2 (resp. Ex1

j̄+1 and Ex1
N1−2) is adopted.

The following procedure summarises this reasoning:

Quasi-bisection optimisation search (QBOS)

AFTC-RHC-Algorithm

INPUT: �Ts, tcurr,i,Ni, j̄
OUTPUT: ui∗

1: solve (30)–(31) (resp. (37)–(38)) with Exi
Ni−1 (resp.

Ex1
N1−1)

2: store ui∗ � solution of Step 1;
3: jup ← N1 − 2
4: jdown ← j̄ + 1
5: jtemp ← � jup+ jdown

2 �;
6: if (30)–(31) (resp. (37)–(38)) with Exi

jtemp
(resp. Ex1

jtemp
)

has a solution ūi, then
7: ui∗ ← ūi;
8: jup ← jtemp
9: else
10: jdown ← jtemp
11: end if
12: if tcurr < �Ts and jtemp > 0 then
13: goto Step 5.
14: else
15: return ui∗

16: end if

4.3 The leader–follower sequential MPC algorithm495

The proposed distributed MPC scheme is based on the
fact that at each time instant, the following actions will be

undertaken by leader and follower agents in a sequential
fashion:

� First, the leader computes the command input u1(t) 500
and transmits the pair (x1(t), u1(t)) to the agent 2;

� Then, each agent of the ith subsystem computes ui(t)
and sends the information (xi(t), ui(t)) to the (i +
1)th follower.

Moreover, because the whole sequential procedure 505
needs to be completed within the given sampling interval
�t, in the sequel, such a time interval will be divided into
equally spaced time slots �Ts := �t

l , each one allocated
to the single agent.

Then, a computable distributed MPC scheme, here- 510
after denoted asDMPC-LF, consists of the following algo-
rithm:

Distributed model predictive control leader–follower
algorithm (DMPC-LF) – agent ith

Initialisation:

1: compute �i
0 ⊂ IRni, i = 1, . . . , l, � the robust

invariant ellipsoids
2: compute Ki, i = 1, . . . , l,� the corresponding sta-

bilising state-feedback gainscomplying with the con-
straints (2) and (3);

3: generate the sequences {T i
j }Ni

j=1, i = 1, . . . , l, via
recursions (23)–(26) and the corresponding pro-
jected regions {Exi

j }Ni
j=1, i = 1, . . . , l, such that

x(0) ∈
⋃
j

{
Ex1
j × · · · × Exl

j

}
(42)

4: compute
⋃
s

Projxi{Ri
s}, i = 1, . . . , l,and the corre-

sponding inner polyhedral approximations P i, i =
1, . . . , l;

5: determine the partitions S i
k, k = 1, . . . ,Ni

p, i =
1, . . . , l,and the associated controllers (28);

6: store {T i
j }Ni

j=1, {Exi
j }Ni

j=1, {S i
k}

Ni
p

k=1, i = 1, . . . , l,
and the control laws u(xi) = Fi

kx
i + gik, k =

1, . . . ,Ni
p, i = 1, . . . , l;

7: �Ts ← �t
l and tcurr ← 0 � the slot time interval

and the time counter, respectively;

Remark 4.1: Note that themain computational complex-
ity source concerns with the computation of the family of
one-step-ahead controllable sets by means of recursions 515
(23)–(26). However, it is important to remark that such
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On-line phase (Leader):
1: activate tcurr and solve (37)-(38) by considering Ex1

N1

2: if u1∗
(t ) �= ∅ then

3: find

j(t ) = min{ j : [x1T (t ) u(1∗ )T (t ) x1
T
(t ) u(1∗)T (t )]T ∈T 1

j }

4: if j(t ) = 1 then
5: u1∗

(t ) ← K1x1(t )
6: else
7: call the QBOS procedure with the input:(

�Ts − ε, tcurr, 1,Ni, j(t )
)

8: end if
9: else
10: find

k̄ : x1(t ) ∈ S1
k̄

11: u1∗
(t ) ← F1

k̄
x1(t ) + g1

k̄
12: end if
13: apply u1∗

(t )
14: transmit x1(t ) and u1∗

(t ) to the agent 2
15: reset tcurr
16: t ← t + 1; goto 1;
On-line phase (Follower):
1: activate tcurr and receive(xi−1(t ), ui−1(t )) from the

(i − 1)-th predecessor
2: solve (33)-(34) by considering Exi

Ni

3: if ui∗ (t ) �= ∅ then
4: find

j(t )=min{j : [xiT(t ) u(i∗ )T(t ) x(i−1)T(t ) u((i−1)∗ )T(t )]T ∈T 1
j }

5: if j(t ) = 1 then
6: ui∗ (t ) ← Kixi(t )
7: else
8: call theQBOS procedure with the input:(

�Ts − ε, tcurr, i,Ni, j(t )
)

9: end if
10: else
11: find

k̄ : xi(t ) ∈ S i
k̄

12: ui∗ (t ) ← Fi
k̄
xi(t ) + gi

k̄
13: end if
14: apply ui∗ (t )
15: transmit xi(t ) and ui∗ (t ) to the (i + 1)-th follower
16: reset tcurr
17: t ← t + 1; goto 1;

a computation is offline performed and efficient ellip-
soidal algorithms are available (see e.g. Kurzhanski &
Valyi, 1997).

Then, the Steps 2–8 for the structure of the fol-520
lower online phase (respectively, Steps 3–9 for the leader
agent) comes out, thanking to one-step controllable

region features. In fact, by construction, if xiaug(t ) ∈ T i
j ,

then an admissible input always exists and, as a conse-
quence, the optimisation (33)–(34) has a non-empty solu- 525
tion ui∗ (t ). The opposite case (ui∗ (t ) ≡ ∅) implies that
xi(t) must belong to the polyhedral partition S i

k ⊂ P i,

k = 1, . . . ,Ni
p. Moreover, the QBOS procedure is called

with �Ts ← �Ts − ϵ, where the quantity ϵ denotes the
estimated CPU time required to apply u(·)∗ (t ) and to 530
transmit the local info x( · )(t) and u(·)∗ (t ).

Finally, it is important to underline that for each ith
agent the solution of just one convex QP optimisation
is required to compute an admissible, although non-
optimal, command input within the time slot �Ts, i.e. 535
(30)–(31) or (37)–(38). Therefore, until the time slot
�Ts is not expired, such a solution can be in principle
improved by invoking the QBOS procedure.

The next proposition shows that the DMPC-LF algo-
rithm enjoys the feasibility retention and closed-loop sta- 540
bility.

Proposition 4.3: Let the sequences of sets Exi
j be non-

empty such that

x(0) ∈
⋃
j

{
Ex1
j × · · · × Ex1

j

}
(43)

Then, the DMPC-LF algorithm always satisfies the con-
straints and ensures asymptotic stability. 545

Proof: The proof directly follows by exploiting all the
arguments of Section 3.2. Let us assume that at the time
instant t, the optimisation problems in Steps 1 (leader
agent) and 2 (follower agent) are, respectively, feasible.
By construction, there exists an input vector u satisfy- 550
ing (7)–(8) such that the set-membership requirements in
(38) and (31) hold true. In order to ensure the feasibility
retention, it is enough to guarantee that at the next time
instant t+ 1, the existence of an admissible control move
ui(t + 1), i = 1,… , l. 555

Note that when xiaug(t + 1) ∈ T i
Ni
, the existence of an

admissible input trivially comes out. On the other hand,
when the worst-case xiaug(t + 1) /∈ T i

Ni
occurs (see Figure

1 for the sake of clarity), the piecewise affine partitions
by construction guarantee that the state trajectory can be 560
driven in a finite number of steps into T i

Ni
. Then, since

each agent one-step state evolution is forced to belong to
the successor projected region, i.e.

xi(t + 1) ∈ Exi
j−1, i = 1, . . . , l,

this implies that there exists a finite future time instant t+
k such that the augmented state is driven to the terminal 565
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set, xiaug(t + k) ∈ T i
0 , i = 1, . . . , l. As a consequence,

[x1
T
(t ) x2

T
(t ) . . . xl

T
(t )]T → Ex1

0 × Ex2
0 × · · · × Exl

0 ,

as t → ∞.

�
Corollary 4.1: Let the one-step controllable sequences
{T i

j }Ni
j=1, i = 1, . . . , l, be computed by recursions (23)–

(26) satisfying at each jth level set of the requirement (14).570
Then, ⋃

s Ri
s≡∅, i=1,...,l, and the feasibility and asymptotic

stability properties of the DMPC-LF algorithm are pre-
served.
Proof: Note that in this case, Steps 2–12 of the online
phase (Leader) and Steps 3–13 of the online phase (Fol-575
lower), respectively, reduce as follows:

Online phase (Leader)

1: find

j(t ) = min{ j : [x1T (t ) u(1∗ )T (t ) x1
T
(t ) u(1∗ )T (t )]T ∈ T 1

j }

2: if j(t ) = 1 then
3: u1∗

(t ) = K1x1(t )
4: else
5: solve (40)–(41) by considering Ex1

j(t )−1
6: end if

Online phase (Followers)

1: find

j(t ) = min{j : [xiT(t ) u(i∗ )T(t ) x(i−1)T (t ) u((i−1))T(t )]T∈T xi
j }

2: if j(t ) = 1 then
3: ui∗ (t ) = Kixi(t )
4: else
5: solve (33)–(34) by considering Exi

j(t )−1
6: end if

Let us consider a single ith agent. At the current time
instant t, let xiaug(t ) ∈ T i

j be the admissible augmented
state, then one has that by construction at t+ 1 each com-
ponent of xiaug(t ) is driven inside the corresponding pro-580

jected region Exi
j−1. Even if the augmented one-step state

evolution xiaug(t + 1) remains confined in T i
j , in virtue of

the nesting property (26), there will exist a finite sequence
of command inputs such a that at a certain future time
instant t + k one has that xiaug(t + k) ∈ T i

j . Therefore,585
by iteratively applying such arguments, the augmented
state trajectory is asymptotically driven to the terminal
set T i

0 . �

4.4 Extensions and future research 590

Following the ideas above developed, there are some
extensions that can be made to the proposed set-up.
First, the inclusion of time-delay occurrences and packet
dropouts arising in the communicationmedium between
each pair of LF agent and controller unit can be exploited 595
by combining the proposed approachwith the framework
in Franzè, Tedesco, and Famularo (2015).

Another extension could be the generalisation of the
proposed control framework to groups of agents with
more complex dynamics where model uncertainties and 600
nonlinearities have to be formally taken into account.
Such an extension is not straightforward because it also
concerns with an assessment on the overall control per-
formance of the proposed scheme.

Finally, a very interesting future investigation will 605
regard the analysis of leader–follower networks subject to
switching topologies, i.e. the leader plays the role of an
external input to the other followers to steer the whole
group, and the members update their states based on
the information available from their neighbours and the 610
leader. Such problem can be addressed by invoking con-
cepts coming from the switched control system theory
because any switching occurrence could lead to the loss
of controllability of the given multi-agent team. It is evi-
dent that this will improve the flexibility property of the 615
scheme when used in real applications.

5. Illustrative example

This section presents results of numerical simulations
demonstrating the application of the DMPC-LF method
and investigating its performance, including comparisons 620
to the centralised counterpart (Angeli et al., 2008) and to
the explicit extension scheme here referred as MPC and
PWA-MPC, respectively.

We shall consider a formation of three robots
(AG1,AG2,AG3) where the robot AG1 moves indepen- 625
dently fromAG2 andAG3. For each robot, we will use the
point mobile robot model discussed in Kuwata (2005),
whose the state consists of position and velocity compo-
nents x= [px py vx vy]T andmotions are governed by the
following discrete-time LTI model: 630

x(t + 1) = �x(t ) + Gu(t )

where u ∈ IR2 is the acceleration vector (m/sec2),

� =
[
I2 �t I2
02 I2

]
, G =

[
(�t )2 I2

2
�tI2

]
,
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Figure . AG: Projected one-step controllable sets and piecewise
partition.
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Figure . AG: Projected one-step controllable sets and piecewise
partition.

with �t = 0.1 sec, and subject to the saturation con-
straint

‖u(t )‖22 ≤ 1, ∀t ≥ 0. (44)

The aim of this simulation is to solve the DC-LF-N prob-
lem with x1(0) = [10, 30, 0, 0]T, x2(0) = [−65, 85, 0, 0]T,635
and x3(0) = [−110, 65, 0, 0]T, and where the goal is to
reach the final position xf = [50, 5, 0, 0]T under the sat-
isfaction of the input constraints (44).

By defining xe1 := x1, xe2 := x2 − x1, xe2 := x3 − x2,
the following error state-space description complying640

B/w in print, colour online

Figure . AG: Projected one-step controllable sets and piecewise
partition.
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Figure . Projections of the one-step controllable sequence
{EMPC

j }80
j=0 for AG, AG and AG.

with (5)–(6) is derived:

xe1 (t + 1) = A1xe1 (t ) + B1u1(t ),
xe2 (t + 1) = A2xe2(t ) + B2u2(t ) + A2,1xe1(t ) + B2,1u1(t ),
xe3 (t + 1) = A3xe3(t ) + B3u3(t ) + A3,2xe2(t ) + B3,2u2(t ),

(45)

where

A1 = A2 = A3 := �,A2,1 = A3,2 := � − � = 0n×n,

B1 = B2 = B3 = G,B2,1 = B3,2 = −G.

The above control problem can be recast as the
regulation to the origin of (45) with xe1 (0) =
[−40, 40, 0, 0]T , xe2 (0) = [−75, 40, 0, 0]T and 645
xe3 (0) = [−45, −20, 0, 0]T .
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Figure . Applied command inputs.

All simulations have been performed using Yalmip
language (Löfberg, 2004), all under MATLAB© 8.2 envi-
ronment, running in an Intel©Core i5-3330machinewith
3.3 GHz and 8 GB RAM.650

First, as it results from Figure 6, the prescribed con-
straints are always fulfilled. Figures 2–4 depict the projec-
tion onto the planar components (xepx, x

e
py ) of the domain

of attractions pertaining to the three robots and achieved
by using Theorem 3.1. In particular, for each subsystem, a655
family of 80 ellipsoids has been computed by using recur-
sions (23)–(26), while the solutions of the mp-QP prob-
lems arising from (19)–(20) with N = 1, Qi = In and Ri

= Im, i = 1, 2, 3, have partitioned the polyhedral sets
P i, i = 1, 2, 3, intoN1

p = 189, N2
p = 259, andN3

p = 283660
polyhedral regions, respectively.

Moreover, as the centralised algorithm MPC is con-
cerned, the same number of ellipsoids, here referred to as
{TMPC

j }80j=0, has been computed on the whole system (45),
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Figure . DMPC-LF algorithm: robot planar trajectories.
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Figure . MPC algorithm: robot planar trajectories.
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Figure . PWA-MPC algorithm: robot planar trajectories.
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Table . Discrimination of computational burdens.

Online CPU time
DMPC-LF MPC PWA-MPC

. . .

see Figure 5, where the one-step controllable sequences665
of the three agents are shown with respect to its own
planar components. First, it is interesting to put in light
that the domain of attraction of the leader subsystem
(see Figure 2) is encapsulated within the domains of the
two followers. The latter is complying with the underline670
methodological results because this represents a nec-
essary condition to impose the feasibility retention as
prescribed in Theorem 3.1. Then, notice that only the
initial condition of the leader agent AG1 belongs to its
one-step controllable sequence, i.e. xe1 (0) ∈ Exe1

76 , while675
the two followers are outside and belong to S2

87 and S3
115,

respectively. This is complying with the command input
dynamical evolutions of Figure 6. In fact, by referring to
the AG2 agent, it is clear that the DMPC-LF and PWA-
MPC algorithms perform exactly the same until t = 1.4680
sec in virtue of the set-membership to the polyhedral par-
tition {S2

k }259k=1. Then, at that time instant xe2 (1.4) ∈ Exe2
71 ,

and the DMPC-LF scheme prescribes the switching to
the one-step controllable sequence {Exe1

j }80j=0 with an
evident performance improvement as also testified by685
taking a look to the robots trajectories on the real planar
environment, see Figures 7–9. The same reasoning holds
true for the AG3 agent with xe3 (6.2) ∈ Exe3

53 .

Finally, a further comparison amongst DMPC-LF,
MPC and PWA-MPC under a different perspective has690
been carried out in terms of CPU time required during
the online phase. Results have been reported in Table
1 where it can be noticed that the CPU time required
by the DMPC-LF is significantly lower with respect to
its centralised competitor. Moreover, in this respect, it is695
worth remarking that if the number of agents grows up
the online CPU time required by theMPCwould accord-
ingly increase while it would remain almost constant and
independent by the number of agents in the DMPC-LF
case.700

6. Conclusions

In this paper, we have presented a novel DMPC strat-
egy for solving the formation problem of leader–follower
networks. Key features of the proposed method, which
combine explicit robust-model-based control techniques705
with set-theoretic ideas in a unique framework, can
be summarised as low communication facilities, low
computational demands, domain of attractions and

control performance comparable with the centralised
counterpart. Moreover, feasibility retention, viz. con- 710
straints fulfilment, and closed-loop asymptotic stability
have been formally proved. Finally, the benefits of the
proposed DMPC-LF algorithm and its advantages with
respect to a centralised MPC and a decentralised strat-
egy PWA-MPC are illustrated by means of a point mobile 715
robots team. Q2
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