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We introduce an iterative method for solving linearly constrained optimization problems, whose nonsmooth

nonconvex objective function is defined as the pointwise maximum of finitely many concave functions. Such

problems often arise from reformulations of certain constraint structures (e.g., binary constraints, finite

max-min constraints) in diverse areas of optimization. We state a local optimization strategy which exploits

piecewise-concavity of the objective function giving rise to a linearized model corrected by a proximity term.

In addition we introduce an approximate line-search strategy, based on a curvilinear model, which, similarly

to bundle methods, can return either a satisfactory descent or a null-step declaration. Termination at a

point satisfying an approximate stationarity condition is proved. We embed the local minimization algorithm

into a Variable Neighborhood Search scheme and a Coordinate Direction Search heuristics, whose aim is to

improve the current estimate of the global minimizer by exploring different parts of the feasible region. We

finally provide computational results obtained on two sets of small- to large-size test problems.
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1. Introduction

We consider the following nonconvex nonsmooth optimization problem

min
x∈X⊂Rn

f(x) (1)

where

f(x),max
i∈I

fi(x),

and we assume that
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� the component functions fi(·), i∈ I = {1, . . . ,m}, are concave and not necessarily differentiable,

hence f(·) is a piecewise-concave function [50];

� the set X is a bounded polyhedron, i.e.,

X = {x∈Rn|Cx≤ b}

for a given real-matrix C and a real-vector b of appropriate dimensions. We will refer in the sequel

to problem (1) as to PCP , the Piecewise Concave Problem.

Such problem often appears in its equivalent piecewise-convex maximization version, and arises

from reformulations of certain constraint structures in diverse areas of optimization. Consider, for

an example, a combinatorial optimization problem whose binary decision variables ui, i= 1, . . . ,m

are grouped into the vector u ∈ {0,1}m. Recalling that an equivalent continuous formulation of

binary constraints is

ui(1−ui)≤ 0, 0≤ ui ≤ 1 i= 1, . . . ,m,

then a compact reformulation for the binary constraint set can be obtained as

ϕ(u)≤ 0, u∈ [0,1]m

where the function

ϕ(u), max
1≤i≤m

ui(1−ui)

is piecewise-concave (see [20, 21] for further developments of this reformulation).

Another interesting example is the min-max-min reformulation of the adjustable robust counter-

part of some two-stage stochastic programs with finite uncertainty set [4, 5, 47]. In this framework,

two groups of decision variables, x and z, represent “here-and-now” and “wait-and-see” decisions,

respectively, namely the decisions made before and after the uncertain parameters of the problem

reveal their actual values. In fact, the cost function depends both on such decisions and on the

realization of one from finitely many scenarios, i.e.,

f(x) = max
i∈I

min
z∈Zi(x)

φi(x, z),

where Zi(x) is the space of “wait-and-see” decisions, and φi(x, z) represents the cost associated

to the decision couple (x, z) under the ith scenario. In particular, assuming that for each scenario

index i∈ I the cost functions φi(x, z) are bilinear, i.e.,

φi(x, z), (b(i) +A(i)x)>z,
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with b(i) ∈ Rm, A(i) ∈ Rm×n, and that the sets X and Zi(x), i ∈ I, are bounded polyhedra, we

observe that the objective function of the finite min-max-min problem

min
x∈X⊂Rn

max
i∈I

min
z∈Zi(x)⊂Rm

φi(x, z)

is the pointwise maximum of finitely many concave functions, hence it is piecewise concave; indeed,

φi(x, z) is an affine function in x, and as a consequence fi(x),minz∈Zi(x) φi(x, z) is concave, being

the minimum of an (infinite) number of affine functions.

The literature on minmax problems is extremely rich. We mention here the historical books

by Danskin [8] and by Demyanov and Malozemov [11], and as far as the numerical aspects are

concerned, we recall [31, 45, 15]. A number of interesting aspects are treated in [18], and some

recent proposals aimed at introducing the incremental/inexact approach in the convex minmax

area are presented in [12, 26, 27, 28, 39, 42, 43]. For an up-to-date state of the art in nonsmooth

optimization see [1], and for the specific case where inexact function evaluation is allowed see [13].

As far as the minimization of piecewise-concave (or maximization of piecewise-convex) functions

is concerned, the literature is mainly focused on approaching the problem from the global optimiza-

tion viewpoint, thus exploiting appropriate global optimality conditions [19] and iterative model

refinements [22]. Localization properties of minima of such problems have been studied in several

papers where generalizations of the concept of vertex are introduced [17, 30, 48, 50]. Applications

to algorithm design for some relevant classes of combinatorial optimization problems have been

described in [20, 21]. From a local optimization perspective, the minimization of piecewise-concave

functions falls in the class of nonconvex nonsmooth optimization problems for which several nons-

mooth methods have been proposed in the literature, see [2, 24, 25, 29, 33, 34] for some examples.

Our goal is to tackle primarily the local constrained minimization of a piecewise-concave function

by means of an optimization algorithm which is inspired by the well known cutting plane approach

to nonsmooth optimization. Although we adopt terminology and notations which are typical of the

bundle [35] and conjugate subgradient methods [49], the approach we introduce is substantially

different and strongly relies on the minmax nature of the problem.

The main feature of our local minimization algorithm is the way we exploit concavity of the

component functions, in order to face nonconvexity of the objective function. For such method we

prove termination at a point satisfying an approximate stationarity condition. Indeed, the method

is based on some classic cutting plane idea, that is on the iterative construction of a model function

as the pointwise maximum of finitely many affine pieces. In particular, the piecewise-affine model is

obtained by linearizing at the current point the component functions that are active at a bundle of

different points close to it. Due to piecewise concavity, the model locally overestimates the objective
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function, and this will turn out the key point for designing a bundle updating strategy, as well

as a descent test where, unlike traditional approaches, actual descent is checked against that of a

nonlinear model rather than a linear one.

The paper is organized as follows. In §2, we introduce the structure and some relevant theoretical

foundations of the local minimization algorithm. In §3, we prove finite termination of the algorithm

at a point satisfying an approximate stationarity condition. In §4, we report on the computational

results obtained on two sets of small- to large-size test problems. Moreover, in order to assess

possible embedding of the algorithm into a global optimization scheme, we test two global search

methods, based on the Variable Neighborhood Search technique, and on a novel Coordinate Search

heuristics, respectively. Finally, in §5 we present some conclusions.

2. Finding local minima of PCP

Problem (1) is a linearly-constrained nonlinear optimization problem, whose objective function is

piecewise-concave, hence nonconvex and nonsmooth. The local minimization method we propose

falls in the mainstream of the linearization methods for minmax [3, 31, 44], and benefits from some

ideas which are at the basis of the well known class of bundle type algorithms, primarily devoted

to solution of convex nonsmooth optimization problems (see [10, 14, 23, 35, 38, 40, 46] for some

variants of bundle methods and [24, 25, 33, 34] for treatment of the nonconvex case).

In the remainder of the paper we adopt the following definitions and notations. By I(x) we define

the index set of active component functions at point x, that is

I(x), {i∈ I|f(x) = fi(x)}.

By Iθ(x), for any positive scalar θ, we define the index set of the θ-active component functions at

x, that is

Iθ(x), {i∈ I|f(x)− fi(x)≤ θ}.

By TX(x) we define the tangent cone (i.e., the cone of feasible directions) at any point x, that is

TX(x), {d∈Rn| c(r)>d≤ 0, r ∈R(x)}

where c(r)> is the rth row vector of C and R(x) is the index set of constraints satisfied by equality

at x.

We start by setting our problem-specific bundle-type notations. Assume that a set X(J) ,

{x(1), x(2), . . . , x(k)} of feasible points is given, together with the corresponding index set J ,

{1,2, . . . , k}. Moreover, assume that for every j ∈ J an active component index ij ∈ I(x(j)) is

selected, and denote by I(J) , {i1, . . . , ik} the set of all such indices.
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We single out any point y ∈X(J) to define our model as the following convex piecewise-affine

function

`(J)
y (x),max

j∈J
{fij (y) + g(j)>(x− y)}. (2)

where g(j) ∈ ∂fij (y), j ∈ J . Unlike the traditional bundle approach, we note here that each point

x(j), j ∈ J , is used as an index provider, rather than a subgradient provider, since g(j) is a subgradient

of the component function fij at y instead of x(j).

In order to face nonconvexity of f(x), our first aim is to exploit concavity of component functions

to come up with some useful properties of `(J)
y (x). Note that concavity of functions fis guarantees

that for every j ∈ J it holds:

fij (x)≤ fij (y) + g(j)>(x− y), ∀x∈Rn. (3)

Thus, if we define the partial max-function f (J)(x) as

f (J)(x),max
j∈J

fij (x),

it follows from (3) that

f (J)(x)≤ `(J)
y (x), ∀x∈Rn. (4)

Moreover, we observe that

f (J)(x)≤ f(x), ∀x∈Rn (5)

and

I(J) = I =⇒ f (J)(x) = f(x), ∀x∈Rn. (6)

Summarizing, the piecewise-affine function `(J)
y (·)

� interpolates both the actual function f(·) and the partial max-function f (J)(·) at y,

� is an upper approximation of the partial max-function,

� is an upper approximation of the actual function whenever I(J) = I.

Now, performing the change of variables x= y+d, d∈Rn, we come out with the following model

function

h(J)
y (d), `(J)

y (y+ d)− f(y) = max
j∈J

{
g(j)>d− εj

}
,

where εj ≥ 0, j ∈ J , is defined as

εj , f(y)− fij (y),

and define our bundle as the following set of triplets:

B,
{(
ij, g

(j), εj,
)
,∀j ∈ J

}
,
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where we remind that every pair (g(j), εj) depends on the selected point y (the stability center in

the sequel).

Focusing now on the model function h(J)
y (·), it follows from (4) that

f (J)(y+ d)− f(y)≤ h(J)
y (d),∀d∈Rn (7)

which in turn, combined with (6), implies that

IJ = I =⇒ f(y+ d)− f(y)≤ h(J)
y (d), ∀d∈Rn. (8)

Therefore, we consider the model function h(J)
y (d) as an approximation of the difference function

f(y+d)−f(y), suitable to calculate the tentative displacement from the stability center y, in order

to reduce the objective function value. In particular, we adopt a line-search approach along the

direction dy returned as the unique solution to the following quadratic program

min
d∈TX (y)

h(J)
y (d) +

1

2
‖d‖2 (9)

where d plays the role of a search direction rather than a displacement and, by analogy with bundle

methods, a proximity term has been added to the model function h(J)
y (d) for stabilization purposes.

Problem (9) can be put in the following equivalent form

min
d∈Rn,v∈R

v+
1

2
‖d‖2

v≥ g(j)>d− εj, ∀j ∈ J

d∈ TX(y)

QP (J)
y

in the sense that, denoting by (dy, vy) the optimal solution of QP (J)
y , then there holds

vy = h(J)
y (dy),

where vy ≤ 0 due to feasibility of the solution (d, v) = (0,0).

A useful insight can be achieved by focusing on the dual of QP (J)
y :

min
λ,µ

1

2

∥∥∥∥∥∥
∑
j∈J

λjg
(j) +

∑
r∈R(y)

µrc
(r)

∥∥∥∥∥∥
2

+
∑
j∈J

λjεj

∑
j∈J

λj = 1,

λj ≥ 0,∀j ∈ J,

µr ≥ 0,∀r ∈R(y),

DP (J)
y
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where λ and µ denote the vectors obtained by grouping the variables λj, j ∈ J and µr, r ∈ R(y).

Assume that (dy, vy) and (λy, µy) are a couple of primal-dual optimal solutions. The following

equalities hold:

dy =−

∑
j∈J

λyjg
(j) +

∑
r∈R(y)

µyrc
(r)

 (10)

and

vy =−‖dy‖2−
∑
j∈J

λyj εj. (11)

We observe, taking into account (10), that if for a given θ > 0 it holds εj ≤ θ, for every j ∈ J ,

then the occurrence of dy = 0 implies that∑
j∈J

λyjg
(j) +

∑
r∈R(y)

µyrc
(r) = 0 (12)

which will be referred in the sequel as a θ-stationarity condition for point y in the sense defined in

[11]. We also note that from (11), taking into account nonnegativity of εjs, it follows that whenever

vy is small in modulus then the norm of dy is small as well, and, consequently, an approximate

θ-stationarity condition is fulfilled.

The latter observations will later help to state the stopping criterion in our algorithm, while the

following remark will turn out critical to design the bundle-management rules.

Remark 1. Let t > 0 denote the step-size and consider any feasible point y + tdy along the

search direction dy. Observe that from (8) it follows

I(J) = I =⇒ f(y+ tdy)− f(y)≤ h(J)
y (tdy).

In particular the following property holds.

Lemma 1. If for some t > 0 it holds

f(y+ tdy)− f(y)>h(J)
y (tdy) (13)

then

I(y+ tdy)∩ I(J) = ∅.

A ssume by contradiction that there exists an index i ∈ I(y+ tdy)∩ I(J). Taking into account

concavity of fi, from the definition of h(J)
y (·) it follows that

f(y+ tdy) = fi(y+ tdy)≤ fi(y) + tg(i)>dy ≤ fi(y) +h(J)
y (tdy) = f(y) +h(J)

y (tdy),

which contradicts the hypothesis.
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The above lemma ensures in fact that if the actual function at y+ tdy stays above the piecewise-

affine function, then no element of the set I(y+ tdy) belongs to the set I(J). Such property depends

on the concavity of component functions and does not hold for general minmax problems. In

particular, satisfaction of condition (13) is the basis of our strategy for bundle enrichment. Observe,

finally, that checking (13) requires to design a special kind of line-search, where the actual values

of the objective function are compared with those of the piecewise-affine model, unlike standard

line-search approaches which involve only a linear model (see [9] where a concave function is used

for comparison purpose in the line search).

Before formally introducing our Piecewise-Concave Local Minimization (PCLM) algorithm we

emphasize that, in implementing the bundling technique evoked in Remark 1, we adopt a par-

simonious approach, trying to keep the bundle as small as possible. In particular, we adopt the

set B = {(iy, gy,0)} as a standard working bundle, where gy ∈ ∂fiy(y), with iy ∈ I(y). Whenever

necessary, we enrich the bundle by inserting triplets of the type (i+, g+, ε+), defined with respect

to feasible points x+ that are “close” to y. In particular, denoting by i+ any index in I(x+), we

select g+ as any subgradient in ∂fi+(y) and set ε+ = f(y)− fi+(y) .

The formal statement of PCLM is presented in Algorithm 1. PCLM takes as an input any feasible

point x∈X, and returns an approximate local minimizer x∗ ∈X. The following parameters are to

be set: the optimality parameter δ > 0, the closeness parameter η > 0 and the step-size reduction

parameter σ ∈ (0,1).

Remark 2. The insertion of any index i+ ∈ I(x+) in the bundle, as a consequence of Lemma 1,

ensures the generation of a useful cut, in the sense that

fi+(y) + g>+(x+− y)> `(J)
y (x+).

Later, in §3, we will focus on finite termination of Algorithm 1 (PCLM). In particular, we will

prove that PCLM terminates after finitely many steps at a point satisfying the stopping test at

Step 4, showing also that such criterion is a suitable approximate optimality condition. Here,

we introduce few explanatory remarks regarding the remaining steps of PCLM. The algorithm

generates a sequence of tentative feasible displacements from the current stability center y by

means of a backtracking line-search along the direction dy obtained at Step 3. As soon as a sufficient

reduction is obtained at Step 10, then a serious step can be made and the bundle is entirely renewed,

at Step 2, by getting rid of all the past information. If the tentative point does not give sufficient

descent, then the closeness test at Step 13 prevents its inclusion in the bundle, by further iterating

the line-search at Step 18. As soon as a tentative point, for which the descent test is not satisfied,

gets sufficiently close to the stability center, a bundle enrichment, i.e., a null step, takes place at
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Algorithm 1 PCLM(x)

Input: a feasible starting point x∈X, parameters δ > 0, η > 0, σ ∈ (0,1)

Output: an approximate local minimizer x∗ ∈X

1: Set y= x∈X . Initialization

2: Select iy ∈ I(y) and gy ∈ ∂fiy(y), set B= {(iy, gy,0)} and J = {1} . (Re-)set the bundle

3: Find (dy, vy) by solving problem QP (J)
y . Find a descent direction at y

4: if vy >−δ then . Stopping test

5: set x∗ = y and exit . Return y as an approximate minimizer

6: else . y is not an approximate minimizer

7: set tmax = max{t > 0 : y+ tdy ∈X} . Find the maximum step-size along dy

8: set t0 = min{1, tmax} and k= 0 . Initialize the line-search

9: end if

10: if f(y+ tkdy)≤ f(y) +h(J)
y (tkdy) then . Descent test

11: set y= y+ tkdy and go to 2 . Make a serious step

12: end if

13: if tk‖dy‖ ≤ η then . Closeness test

14: set x+ = y+ tkdy . Make a null step

15: select i+ ∈ I(x+), calculate g+ ∈ ∂fi+(y), set ε+ = f(y)− fi+(y) .

16: set B=B∪{(i+, g+, ε+)} and update J and go to 3 .

17: else

18: set tk+1 = tkσ, k= k+ 1, and go to 10 . Backtrack line-search along dy

19: end if

Steps 14-16. We stress that, unlike standard bundle methods, at Step 2 we completely discard past

information, once successful descent is achieved. In this sense the algorithm is parsimonious, as the

bundle size is kept as small as possible.

Remark 3. The descent test adopted at Step 10 is substantially different from those usually

adopted in line-searches for nonsmooth problems, where most of the times the value of the objective

function at the tentative point is tested against a linear function whose slope is a fraction of an

estimate of the directional derivative at the stability center. It is easy to verify that the descent

test at Step 10 is more restrictive.
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3. Termination properties of PCLM

In this section we will denote by {y(s)}s∈S the sequence of stability centers generated during the

execution of Algorithm 1, and by (d(s), v(s)) the optimal solution of problem QP
(J)

y(s) . Before proving

finite termination of Algorithm 1 we state the following Lemma.

Lemma 2. Let L be the Lipschitz constant of the objective function f(·) on the feasible region

X. Then, the following bound holds:

‖d(s)‖ ≤ 2L.

Proof. First observe that the point (d̄, v̄) = (0,0) is feasible for QP
(J)

y(s) , since εj ≥ 0, ∀j ∈ J . As

a consequence, the optimal solution of QP
(J)

y(s) is such that

v(s) +
1

2
‖d(s)‖2 ≤ 0.

In particular it is

g>
y(s)d

(s) +
1

2
‖d(s)‖2 ≤ 0,

from which the thesis easily follows. �

We are now ready to present the main result about finite termination of Algorithm 1.

Theorem 1. For any feasible starting point x∈X the PCLM algorithm terminates after finitely

many steps at a point y(s) ∈X satisfying the exit condition at Step 4, i.e., v(s) >−δ.

Proof. Assume for a contradiction that the algorithm never terminates, hence that infinitely

many passages occur through Step 3. Now observe that, due to convexity of the model function

and taking into account Lemma 2, whenever the descent test at Step 10 is fulfilled, then the

corresponding reduction of the objective function is bounded away from zero, i.e.,

f(y(s))− f(y(s) + tkd
(s))≥−h(J)

y(s)(tkd
(s))≥−tkv(s) >

σηδ

2L
> 0.

As a consequence, the number of successful line searches at Step 10 cannot be infinite due to the

assumptions of compactness of X, and we can assume that a stability-center index s̄ exists such

that the algorithm loops between Step 3 and Step 16, making an infinite sequence of null steps

without ever updating the stability center again. Now observe that, taking into account Lemma 1,

every time the new element (i+, g+, ε+) is inserted into B at Step 16, for some i+ ∈ I(x+), it holds

that i+ /∈ I(J). Hence, after finitely many insertions of new elements into the bundle, we would have

I(J) = I. Taking into account (6), the latter implies that

f(x+) = f (J)(x+)≤ `(J)

y(s̄)(x+) = f(y(s̄)) +h
(J)

y(s̄)(x+− y(s̄))≤ f(y(s̄))− δ (14)

which contradicts the fact that a sufficient descent is no longer achievable from y(s̄). �
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Corollary 1. The PCLM algorithm terminates after finitely many steps at a point y(s) ∈X

satisfying the approximate θ-stationarity condition

‖
∑
j∈J

λ
(s)
j g(j) +

∑
r∈R(y)

µ(s)
r c(r)‖<

√
δ, (15)

where J ⊆ Iθ(y(s)) and θ= 2Lη.

Proof. The stopping condition v(s) > −δ, taking into account (11) and nonnegativity of εjs,

implies ‖d(s)‖<
√
δ, that is, from (10),

‖
∑
j∈J

λ
(s)
j g(j) +

∑
r∈R(y)

µ(s)
r c(r)‖<

√
δ.

Thus all we have to prove is that J ⊆ Iθ(y(s)), i.e., εj ≤ θ for every j ∈ J . To this aim, we observe

that every time the bundle is enriched by a new element (i+, g+, ε+), the conditions

fi+(y(s) + tkd
(s)) = f(y(s) + tkd

(s))> f(y(s)) +h
(J)

y(s)(tkd
(s))

and

tk‖d(s)‖ ≤ η

hold. On the other hand, concavity of fi+(·) implies that

fi+(y(s) + tkd
(s))≤ fi+(y(s)) + tkg

>
+d

(s).

Summing up, we have that

f(y(s))− fi+(y(s))≤ 2Lη= θ

from which the thesis easily follows. �

4. Computational experience

In order to assess the performance of the PCLM algorithm, we have prepared two sets of instances,

whose objective function is the maximum over finitely many concave quadratic functions, i.e.,

f(x) = max
i∈I

{
1

2
x>Qix+ b>i x+ ci

}
(16)

where Qis are negative definite matrices, bis are n-dimensional real vectors, and cis are scalars.

The feasible region X is a box in all problems.

The first test-set, next referred to as TS1, contains a group of 7 extra-small scale instances.

In particular, TS1 contains three new sample functions in R2, whose structures are presented in

Figures 1, 2, and 3, where x∗ denotes the estimate of the global minimizer, and the feasible set is

the box defined by l and u, the vectors of lower and upper bounds on the variables, respectively.
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The remaining 4 instances are the piecewise-concave reformulation of the box-constrained test-

problems available in [19], the problem studied therein being the linearly-constrained maximization

of a piecewise-convex function. A summary of the relevant details of TS1 instances is reported in

Table 1, where the best known optimal value f∗ can also be found. In particular, for problems

TS1.1–TS1.3, f∗ is the best result obtained adopting the solvers available on the NEOS Server for

Optimization [6, 16], while for problems TS1.4–TS1.7, f∗ is the value available in [22].

Figure 1 Test problem TS1.1

f1(x) = −x2
1 −x2

2 + 4x1

f2(x) = −x2
1 −x2

2 − 4x1

f3(x) = −x2
1 −x2

2 + 4x2

f4(x) = −x2
1 −x2

2 − 4x2

f5(x) = −x2
1 −x2

2 + 12x1 + 4x2 − 34

f6(x) = −x2
1 −x2

2 + 12x1 − 4x2 − 34

f7(x) = −x2
1 −x2

2 + 8x1 − 10

f8(x) = −x2
1 −x2

2 + 16x1 − 58

l = (−1,−1)

u = (7,1)

x∗ = (0.0,0.0)

Figure 2 Test problem TS1.2

f1(x) = −x2
1−x2

2 + 6x1 + 6x2

f2(x) = −x2
1−x2

2− 12x1− 11

f3(x) = −x2
1−x2

2 + 16x1− 15

f4(x) = −x2
1−x2

2 + 6x1 + 36x2− 315

f5(x) = −x2
1−x2

2− 12x1 + 30x2− 236

f6(x) = −x2
1−x2

2 + 16x1 + 30x2− 240

l = (−5,−2)

u = (15,15)

x∗ = (15.0,7.5)

The second set of instances, next referred to as TS2, is based on the classification proposed in

[1, 37], containing four classes of test problems of extra-small (XS, with n = 20), small (S, with

n= 50), medium (M, with n= 200), and large (L, with n = 1000) size. For each group, we have
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Figure 3 Test problem TS1.3

f1(x) = −9x2
1− 25x2

2 + 225

f2(x) = −9x2
1− 4x2

2 + 126x1− 405

f3(x) = −9x2
1− 4x2

2− 180x1− 864

f4(x) = −9x2
1− 36x2

2 + 576x2− 1980

f5(x) = −9x2
1− 36x2

2− 720x2− 3276

l = (−10,−8)

u = (10,8)

x∗ = (−2.78514,−5.29004)

Table 1 Extra-small test-problems TS1

Test problem Size Best known optimum

ID Reference n m f∗

1 See Figure 1 2 8 0.000 000

2 See Figure 2 2 6 −56.250 000

3 See Figure 3 2 5 −544.426 392

4 [19, Example 2] 2 5 −1.223 74

5 [19, Example 5] 2 4 −1.223 74

6 [19, Example 8] 3 5 −5.223 69

7 [19, Example 9] 3 5 −17.222 80

adopted m= 5 and m= 10, and we have considered three different classes of sparsity for randomly

generating the negative definite matrix Q (dense, sparse, and diagonal). Algorithm PCLM has

been implemented in Java, and the tests were conducted on a 3.50 GHz Intel Core i7 machine. The

QP solver of IBM ILOG CPLEX 12.6 [36] has been used to solve the quadratic subprograms. The

parameters have been set as follows: δ= 0.0001, η= 0.01, and σ= 0.7.

For each test problem of both sets TS1 and TS2, thirty runs of PCLM have been executed, each

time adopting a different feasible starting point randomly sampled from a uniform distribution. We

have recorded the local minimum and some relevant performance indices returned upon termination

of each run, and we present the corresponding statistical results in Tables 2 and 3, where we report

the min/avg/max value of

� nf , the number of function evaluations,

� ng, the number of gradient evaluations,

� nitf , the average number of function evaluations per iteration, obtained as the ratio between

the number of function evaluations and the number of quadratic problems solved.
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Table 2 PCLM statistical results – TS1

ID nf ng nit
f nsc

g cpu

min 17 7 2.3 1.5 0.000
1 avg 45 14 3.2 1.9 0.017

max 102 26 4.4 2.5 0.094

min 5 5 1.0 1.1 0.000
2 avg 79 20 3.8 1.6 0.016

max 145 41 5.8 2.2 0.047

min 3 3 1.0 1.2 0.000
3 avg 88 34 2.3 1.6 0.020

max 198 80 3.2 2.6 0.047

min 3 3 1.0 1.0 0.000
4 avg 64 23 2.5 1.5 0.017

max 138 42 4.6 2.6 0.031

min 3 3 1.0 1.0 0.000
5 avg 64 23 2.5 1.5 0.015

max 138 42 4.6 2.6 0.047

min 4 4 1.0 1.0 0.000
6 avg 70 26 2.4 1.4 0.017

max 167 51 3.9 2.0 0.047

min 4 4 1.0 1.0 0.000
7 avg 66 26 2.3 1.4 0.013

max 162 59 4.7 2.3 0.031

� nscg , the average number of elements in the bundle, obtained as the ratio between the number

of gradient evaluations and the number of stability centers touched during the execution.

� cpu, the execution time (measured in seconds).

Some considerations can be drawn from the results. We observe first that nitf , the average number

of function evaluations per iteration, is rather small, as it is never larger than 6 on TS1, while in

TS2 it gets closer and closer to the ideal value of 1 as the problem size grows. In other words, at

almost each iteration the alternative decision about serious or null step is taken without requiring

backtrack. Note in fact that nf and ng tend to be very similar.

In addition nscg , the average number of elements in the bundle, is almost always substantially

smaller than m, the number of component functions. This fact represents the improvement our algo-

rithm provides with respect to classic minmax methods (e.g. [31]) based on completely linearized

models of the objective function.

To make our computational experience more complete, we have embedded the PCLM algorithm

into two global optimization strategies, where PCLM is used as a local-minima generator. In

particular, we have first designed a global optimization strategy according to the well known

Variable Neighborhood Search (VNS) paradigm, introduced in [41] (see also [32] for many variants,

and [7] for convergence properties).
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Table 3 PCLM statistical results – TS2

ID nf ng nit
f nsc

g cpu

min 34 34 1.0 1.7 0.000
20.5.de avg 132 109 1.1 2.5 0.060

max 533 388 1.6 3.5 0.188

min 31 29 1.0 1.4 0.000
20.5.sp avg 131 95 1.3 2.0 0.056

max 616 360 1.8 3.0 0.203

min 49 45 1.1 1.1 0.016
20.5.di avg 179 119 1.4 2.2 0.074

max 924 544 1.8 2.8 0.297

min 64 55 1.0 1.5 0.031
20.10.de avg 316 243 1.2 2.9 0.129

max 1302 879 1.5 4.0 0.484

min 34 33 1.0 1.2 0.000
20.10.sp avg 198 143 1.3 1.9 0.074

max 786 526 1.6 2.8 0.313

min 170 121 1.3 2.5 0.078
20.10.di avg 644 430 1.5 3.2 0.262

max 1368 816 1.9 4.9 0.484

min 69 69 1.0 1.3 0.016
50.5.de avg 208 196 1.0 2.1 0.117

max 770 649 1.2 3.3 0.422

min 52 52 1.0 1.0 0.016
50.5.sp avg 102 101 1.0 1.7 0.055

max 221 209 1.1 2.8 0.156

min 168 143 1.0 2.4 0.063
50.5.di avg 404 322 1.2 3.1 0.205

max 1100 687 1.6 3.7 0.438

min 202 202 1.0 2.1 0.078
50.10.de avg 752 663 1.1 3.2 0.386

max 2594 2427 1.4 4.1 1.281

min 96 96 1.0 1.7 0.063
50.10.sp avg 515 464 1.1 2.9 0.268

max 1189 1094 1.3 4.4 0.656

min 310 280 1.0 2.0 0.141
50.10.di avg 1210 960 1.3 4.2 0.640

max 6123 5936 1.6 5.6 3.266

ID nf ng nit
f nsc

g cpu

min 298 298 1.0 1.4 0.234
200.5.de avg 1295 1291 1.0 2.5 1.580

max 4628 4558 1.0 4.1 5.438

min 380 380 1.0 1.8 0.391
200.5.sp avg 792 792 1.0 2.6 0.978

max 1702 1700 1.0 3.4 2.203

min 991 951 1.0 2.3 1.328
200.5.di avg 1231 1169 1.1 3.9 1.660

max 2582 2539 1.1 4.4 3.219

min 432 432 1.0 1.8 0.578
200.10.de avg 3014 2991 1.0 3.0 5.314

max 14057 14055 1.0 5.7 21.938

min 576 576 1.0 2.0 0.922
200.10.sp avg 1640 1640 1.0 3.1 2.989

max 7040 7040 1.0 4.5 13.344

min 1671 1644 1.0 4.2 3.500
200.10.di avg 2905 2679 1.1 5.6 5.969

max 5068 4589 1.2 7.1 10.047

min 1111 1111 1.0 1.1 11.328
1000.5.de avg 1698 1698 1.0 1.5 22.059

max 3151 3151 1.0 2.6 51.406

min 1598 1598 1.0 1.5 19.391
1000.5.sp avg 2407 2407 1.0 2.1 36.161

max 3908 3908 1.0 2.9 65.828

min 5138 5078 1.0 4.5 85.984
1000.5.di avg 5852 5775 1.0 4.7 99.390

max 7574 7459 1.0 4.9 127.359

min 1424 1424 1.0 1.4 28.891
1000.10.de avg 3505 3505 1.0 2.8 102.338

max 7891 7891 1.0 5.3 262.672

min 2070 2070 1.0 1.9 49.500
1000.10.sp avg 4936 4936 1.0 3.4 155.057

max 20507 20507 1.0 5.0 696.625

min 9926 9859 1.0 8.3 336.938
1000.10.di avg 13144 12961 1.0 8.8 441.005

max 20030 19643 1.0 9.2 672.891

Our VNS implementation works as follows. Assume a local minimum xk∗, that is an estimate of

the global minimizer, be available at the kth iteration of our Piecewise-Concave Variable Neigh-

borhood Search (PCVNS) algorithm, then the aim of PCVNS is to improve xk∗ by generating

further tentative points obtained via repeated execution of PCLM. In order to generate new local

minimizers we define a set of `max nested box-shaped neighborhoods of xk∗

N1(xk∗)⊂N2(xk∗)⊂ . . .N`(xk∗)⊂ . . .⊂N`max(xk∗),
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then we successively run PCLM by randomly selecting the starting point xk` inside each neigh-

borhood N`(xk∗), beginning from the innermost one, until a better local minimum is found, or no

improvement is achieved, even selecting the outermost neighborhood N`max(xk∗). We remark that

no feasible point should be prevented to become a starting point for PCLM during the iterations

of PCVNS, hence we select N`max(xk∗) =X. For each xk` algorithm PCLM will return a new local

minimum x∗, that will become the new current estimate xk+1
∗ only in case sufficient improvement

of the objective function value is achieved.

The formal schema of PCVNS is presented in Algorithm 2. PCVNS takes as an input any feasible

point x̄ ∈X, the optimality parameter δG > 0, the maximum number of neighborhoods `max, and

returns the best among all the approximate local minimizers generated via PCLM.

Algorithm 2 PCVNS

Input: a feasible starting point x̄∈X; parameter δG > 0

Output: x∗ ∈X, the best of all local minimizers generated by PCLM

1: Set x0 = x̄∈X . Initialization

2: Set x0
∗ = PCLM(x0) and k= 0 . Get the first local minimizer

3: Set N0(xk∗) = ∅ and `= 1

4: if ` > `max then . Stopping test

5: set x∗ = xk∗ and exit . Return x∗ as the best local minimizer

6: else

7: generate N`(xk∗) . Generate a larger neighborhood of xk∗

8: randomly select xk` ∈N`(xk∗) \N`−1(xk∗) . Select a new starting point

9: set x∗ = PCLM(xk` ) . Get a new local minimizer

10: end if

11: if f(x∗)< f(xk∗)− δG|f(xk∗)| then . Sufficient descent

12: set xk+1
∗ = x∗, k= k+ 1 and go to 3 . Current solution update

13: else

14: set `= `+ 1 and go to 4

15: end if

Next, we have designed a new global search heuristics that is based on the coordinate search

paradigm. Given a local minimum xk∗ as an estimate of the global minimizer, the aim of our

Piecewise-Concave Coordinate Direction Search (PCCDS) algorithm is to improve xk∗ by generating

further tentative points obtained, also in this case, via repeated execution of PCLM. In particular,
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denoting by E , {e1,−e1, . . . , en,−en} the set of all the signed coordinate directions, we randomly

select a subset E(k) ⊆ E , and consider each (signed) coordinate direction (±)ei ∈ E(k) at xk∗, as a

candidate to provide a set of starting points for PCLM, according to a kind of backtrack along it.

In fact, once a direction is selected, and the maximal feasible step-size is calculated, the algorithm

backtracks along such a direction to generate starting points for PCLM, until either PCLM returns

a better local minimizer than xk∗, or the direction can be considered as exhausted (i.e., worth

no further exploration). The idea of backtracking along coordinate directions is motivated by the

attempt to select starting points which are far from xk∗. Any selection of a step-size gives rise to a

starting point for PCLM whose outcome is a new local minimum x∗. Such a point will become the

new current estimate xk+1
∗ , only in case sufficient improvement of the objective function value is

achieved. The selected direction is considered exhausted, and the related backtrack is truncated,

as soon as PCLM gets to work in the vicinity of the local minimizer xk∗. Hence, PCCDS terminates

at xk∗ as soon as all the directions belonging to E(k) have been explored at xk∗.

The formal statement of PCCDS is presented in Algorithm 3. PCCDS takes as an input any

feasible point x̄ ∈X, and returns the best among all the approximate local minimizers generated

via PCLM. The following parameters are to be set: the optimality parameter δG > 0, the closeness

parameter ηG > 0, the step-size reduction parameter σG ∈ (0,1).

Some explanatory comments about the relevant steps of Algorithm 3 (PCCDS) are now in order.

At Step 3 the algorithm checks whether there are further coordinate directions to explore, aiming

to improve the current solution xk∗. If this is the case, one of such directions e∈E(k) is selected, and

a line-search along e is started which first moves as far as possible from xk∗. The points generated

along the search direction are used as starting points for the PCLM algorithm at Step 13, and as

soon as the sufficient descent test is satisfied at Step 15, the backtrack is truncated, the current

solution is updated, and the set of coordinate directions is newly refilled. Otherwise, if the sufficient

descent is never obtained, the backtrack is truncated as soon as either the new starting point of

PCLM (see Step 9), or the local minimizer returned by PCLM (see Step 19), gets very close to xk∗.

Both PCVNS and PCCDS methods have been implemented in Java, and the tests were conducted

on the same 3.50 GHz Intel Core i7 machine. The parameters have been set as follows: `max = 6,

δG = 0.0001, ηG = 0.1, and σG = 0.5.

The experimental plan consists in launching both global algorithms adopting a multi-start pro-

cedure by uniform random sampling of 30 feasible starting points. The corresponding statistical

results are summarized in Tables 4 (TS1 test problems) and 5-6 (TS2 test problems), where we

report the min/avg/max value of

� Nf : the number of function evaluations,

� Ng: the number of gradient evaluations,
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Algorithm 3 PCCDS

Input: a feasible starting point x̄∈X; parameters δG > 0, ηG > 0, and σG ∈ (0,1)

Output: x∗ ∈X, the best of all local minimizers generated by PCLM

1: Set x0 = x̄∈X and E(0) ⊆E . Initialization

2: Set x0
∗ = PCLM(x0) and k= 0 . Get the first local minimizer

3: if E(k) = ∅ then . Stopping test

4: set x∗ = xk∗ and exit . Return x∗ as the best local minimizer

5: else

6: select e∈E(k) and set E(k) =E(k) \ {e} . Select a search direction

7: set r0 = max{r > 0 : xk∗ + re∈X} and j = 0 . Initialize line-search

8: end if

9: if rj ≤ ηG then . The search direction e is exhausted

10: go to 3

11: else

12: set x= xk∗ + rje . Generate a new starting point along e

13: set x∗ = PCLM(x) . Get a new local minimizer

14: end if

15: if f(x∗)< f(xk∗)− δG|f(xk∗)| then . Sufficient descent

16: set xk+1
∗ = x∗ and E(k+1) ⊆E . Current solution update

17: set k= k+ 1 and go to 3

18: end if

19: if ‖x∗−xk∗‖ ≤ εG then . The search direction e is exhausted

20: go to 3

21: else

22: set rj+1 = σGrj, set j = j+ 1 and go to 9 . Step-size reduction

23: end if

� NL: the number of PCLM executions,

� N∗: the number of global minimizer updates,

� cpu: the execution time (measured in seconds).

Moreover, in Table 4 we report the min/avg/max value of f∗, the objective function value upon

termination, while in Tables 5-6 we report the rate of success w∗, that is the percentage number

of times that the algorithm stops at a point whose objective value is within an error of 2% of the
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global minimum, where we assume the global minimum to be the lowest objective function value

returned by either PCVNS or PCCDS over the 60 total runs.

To comment on the results, we observe first that, as far as TS1 problems are concerned, the

global minimum is always correctly located by both PCVNS and PCCDS. On the other hand some

failures occur in dealing with TS2 problems. In particular, on XS and S problems the rate of

success w∗ is less than 100% in 4 and 2 cases for PCVNS and PCCDS, respectively. The same

phenomenon occurs for M and L problems 2 times in PCVNS, while it is absent in PCCDS. We

do not report statistical results of PCVNS on problems 1000.5.di and 1000.10.di since the time

limit of 80 hours to complete the 30 runs expired when a significant amount of results were not

yet available.

Focusing first on TS1, PCCDS seems to work reasonably better than PCVNS as far NL, N∗ and

cpu are concerned, and remarkably better with respect to Nf and Ng. This behaviour is substan-

tially confirmed on TS2 problems, where sometimes Nf and Ng differ of an order of magnitude.

A possible explanation is in the opposite philosophies adopted by the two approaches in trying to

escape from a local minimum. In fact, PCCDS looks initially for a starting point to be as far as

possible from the current estimate of the global minimum, while PCVNS starts its search from a

point selected in a “small” neighborhood. Thus, in the latter case, it is likely to get more failures in

attempting to improve the current estimate of the global minimum. This fact results in an increase

of both function and gradient evaluations.

5. Conclusions

We have introduced the PCLM method for the numerical minimization of a piecewise-concave

function subject to linear constraints. Such method explicitly exploits concavity of the component

functions in order to cope with nonconvexity of the objective function. Furthermore, an approx-

imate line-search strategy, based on a curvilinear model, allows to explore a search direction in

order to obtain a descent or an appropriate local improvement of the model. Termination at a

point satisfying an approximate stationarity condition has been proved. A thorough computational

analysis of the method has been carried out on problems with as many as 1000 variables. We have

finally proposed and numerically tested two global search methods embedding PCLM, whose aim is

to improve the current estimate of the global minimizer by exploring different parts of the feasible

region.
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