
EURO Journal on Computational Optimization 11 (2023) 100070
Contents lists available at ScienceDirect

EURO Journal on Computational 
Optimization

journal homepage: www.elsevier.com/locate/ejco

Maximum-margin polyhedral separation for binary 

Multiple Instance Learning

Annabella Astorino a, Matteo Avolio b, Antonio Fuduli b,∗

a DIMES, University of Calabria, Rende, Italy
b Department of Mathematics and Computer Science, University of Calabria, 
Rende, Italy

a r t i c l e i n f o a b s t r a c t

Keywords:
Multiple Instance Learning
Polyhedral separation
Support Vector Machine (SVM)
Difference of Convex (DC) functions

Multiple Instance Learning (MIL) is a kind of weak supervised 
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in the training phase, since the class labels are provided only 
for each bag, whereas the instance labels are unknown.
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and all the instances of the negative bags are outside. The 
resulting optimization problem is a nonlinear, nonconvex 
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solve by a Block Coordinate Descent type method, based on 
repeatedly applying the DC (Difference of Convex) Algorithm.
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Numerical results are presented on a set of benchmark 
datasets.
© 2023 The Author(s). Published by Elsevier Ltd on behalf 
of Association of European Operational Research Societies 

(EURO). This is an open access article under the CC 
BY-NC-ND license (http://

creativecommons .org /licenses /by -nc -nd /4 .0/).

1. Introduction

The objective of Multiple Instance Learning (MIL) is to categorize bags of points 
[29]. Differently from the standard supervised classification, in the training phase of a 
MIL problem we only know the label of each bag, while the labels of the points (called 
instances in the MIL terminology) inside the bags are unknown.

The first MIL problem has been faced in [18], where the goal was to discriminate 
between active and non-active drug molecules. A drug molecule is active (i.e. it has the 
desired drug effect) if one or more of its conformations bind to a particular target site 
(typically a larger protein molecule). Taking into account that it is not known in advance 
which conformation makes a molecule active, in the MIL perspective each molecule 
is a bag and the conformations of the molecules are the instances. There are various 
MIL applications in different fields such as in text categorization [35], image recognition 
[11,19,34], medical diagnosis [9,13,41], bankruptcy prediction [30] and so on.

In this work, we propose to extend the polyhedral separation, successfully applied in 
supervised [5,10,24,32] and semisupervised learning [6], to the solution of binary MIL 
problems characterized by two classes of instances, starting from the so-called standard 
MIL assumption [29]. Such assumption states that a bag is positive if it contains at least 
a positive instance and it is negative otherwise.

On the basis of the space adopted for performing the classification, in the literature 
there exist three different types of MIL approaches [1,17]: the bag-space, the instance-
space and the embedding-space approaches. In the bag-space approaches (see for example 
[23,38,39]), the classification process is performed considering each bag as a whole en-
tity. In the instance-space case (see next paragraph for some related references) the 
classification process is carried out at the instance level and the class labels of the bags 
are obtained in function of the labels of the instances. Finally the embedding-space 
approaches, such as algorithms MI-SVM in [3] and MI-MSph in [4], are a compromise 
between the two previous ones, since the classification is typically performed using only 
some particular instances, the most representative for each bag.

The MIL approach we propose is an instace-space technique: then, in the following, 
we briefly describe the main instances-space algorithms present in the literature. Apart 
from the pioneer work [18], in which three versions of an axis-parallel hyper-rectangle 
algorithm have been presented, a seminal MIL paper is [3], where, in addition to the MI-
SVM embedding-space algorithm cited above, the instance-space mi-SVM algorithm has 
been also proposed: such algorithm plays a very important role because it extends to MIL 
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the classical Support Vector Machine (SVM) technique [37], being also the inspiration 
source of our work, where indeed the SVM hyperplane is substituted by a polyhedron. 
Another interesting MIL algorithm is MICA [31], in which the positive bags have been 
represented as the convex combination of their instances and where the SVM margin 
has been maximized using the L1 norm instead of the standard Euclidean one. In [16]
the authors have proposed a nonsmooth and nonconvex MIL model providing an SVM 
hyperplane by a bundle type method [20], while in [33] the p-balls-VNS algorithm, based 
on a Variable Neighbourhood Search type approach [28], has been adopted to construct 
a prefixed number of separating spheres. In [7] a Lagrangian relaxation [25] technique 
(algorithm MIL-RIL) has been used for solving the SVM type model introduced in [3], 
whereas in [8] an SVM classifier has been obtained solving a nonsmooth nonconvex model 
by means of a DC (Difference of Convex) type algorithm [26], the same one successively 
adopted in [27] for generating a separating sphere. In [21] a linear classifier has been 
proposed by means of a heuristic approach based on exploring the kinks of an univariate 
nonsmooth function (algorithm MIL-Kink). In [12] a semiproximal approach (algorithm 
mi-SPSVM) has been designed to generate a separating hyperplane, by exploiting the 
nice properties exhibited for supervised learning by the SVM, in terms of accuracy, and 
by the Proximal Support Vector Machine [22] technique in terms of efficiency. Finally, 
very recently, in addition to the embedding-space MI-MSph algorithm [4], the authors 
have also proposed a maximum margin spherical separation instance-space technique 
(algorithm MI-Sph), solved by a Block Coordinate Descent (BCD) type approach.

Apart from [4,27,33], where spherical separation approaches have been proposed, all 
the above cited instance-space papers provide a linear classifier or use the kernel functions 
to generate nonlinear separation surfaces. If, on one hand, using the kernel functions has 
revealed to be a quite effective trick, on the other hand it often provides results which 
are very hard to be interpreted in the original input space. Then, inspired by the SVM 
model introduced for MIL in [3], the main contribution of our proposal is to offer to 
the MIL community, directly in the input space, a new nonlinear classifier based on 
the polyhedral separability concept, introduced in [10] for supervised learning. From 
the algorithmic point of view, in order to heuristically solve the corresponding mixed 
integer nonsmooth nonconvex problem, a further novelty consists in embedding the DC 
Algorithm (DCA, [2]) within a BCD framework, by exploiting the DC decomposition 
proposed in [5] for the standard supervised case.

The paper is organized in the following way. In the next section we recall the ba-
sic polyhedral separation concept introduced in [10] for supervised learning, while in 
Section 3 we present our MIL polyhedral optimization model together with the related 
solution algorithm. In Section 4 some numerical experiments are reported and in Sec-
tion 5 some conclusions are drawn.

Throughout the paper, we adopt the following notation. Given two vectors a, b ∈ Rn, 
we indicate by ‖a‖ the Euclidean norm of vector a and by aT b the inner product between 
a and b. Moreover, given any convex function f and a vector x̄ ∈ Rn, we indicate by 
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∂f(x̄) the subdifferential of f at x̄, i.e. the set of the vectors ḡ, called subgradients, such 
that

f(x) ≥ f(x̄) + ḡT (x− x̄), for each x ∈ Rn.

Finally, given a set X , its convex hull is denoted by conv(X ).

2. Polyhedral separation in supervised learning

Since the MIL approach we propose in Section 3 is based on the polyhedral separabil-
ity, in this section we recall the basic polyhedral separation concept, introduced in [10]
for supervised learning.

Definition 1. Let

A = {a1, . . . , am}, with ai ∈ Rn, i = 1, . . . ,m

and

B = {b1, . . . , bk}, with bi ∈ Rn, i = 1, . . . , k,

be two disjoint point sets, i.e. belonging to two different classes (positive and negative). 
The set A is polyhedrally separable [10] from the set B if and only if there exists a finite 
number h of hyperplanes

Ht(wt, γt)
�= {x ∈ Rn | wT

t x = γt}, t = 1, . . . , h,

with wt ∈ Rn and γt ∈ R, such that, for all i = 1, . . . , m and for all t = 1, . . . , h,

aTi wt ≤ γt − 1

and, for all i = 1, . . . , k,

bTi ws ≥ γs + 1, for at least an index s ∈ {1, . . . , h}.

The above definition requires that each point ai of A must be located on the same 
side with respect to all the hyperplanes, while each point bi of B on the opposite side 
with respect to at least a hyperplane. In other words, while A should be inside the 
polyhedron drawn by the h hyperplanes, B should be located outside, implying that the 
role played by the two sets is not symmetric, as clearly shown in Fig. 1, where, for h = 3, 
A is polyhedrally separable from B but the reverse is not true. In fact a necessary and 
sufficient condition for the set A to be polyhedrally separable from B is that



A. Astorino et al. / EURO Journal on Computational Optimization 11 (2023) 100070 5
Fig. 1. Polyhedral separation: (a) A is polyhedrally separable from B since conv(A)∩B = ∅; (b) B is not 
polyhedrally separable from A since conv(B)∩A �= ∅.

conv(A) ∩ B = ∅,

which indeed is not a symmetric condition since A and B are not involved in an equal 
way.

Starting from Definition 1, the average classification error associated to the sets A
and B with respect to the h hyperplanes Ht(wt, γt), for t = 1, . . . , h, is given by the 
following error function to be minimized:

z(w,γ) �= 1
m

m∑
i=1

max
1≤t≤h

{0, 1 + aTi wt − γt} + 1
k

k∑
i=1

max{0, 1 − max
1≤t≤h

{bTi wt − γt}},

where wT �= [wT
1 , w

T
2 , . . . , w

T
h ] and γT �= [γ1, γ2, . . . , γh]. Function z, which is nonsmooth 

and nonconvex, can be written in a DC form as follows:

z(w,γ) = z1(w,γ) − z2(w,γ), (1)

where

z1(w,γ) �= 1
m

m∑
i=1

max
1≤t≤h

{0, aTi wt − γt + 1} + 1
k

k∑
i=1

max
1≤t≤h

{0, bTi wt − γt − 1} (2)

and

z2(w,γ) �= 1
k

k∑
i=1

max
1≤t≤h

{bTi wt − γt − 1}. (3)

Similarly to the well known SVM philosophy, which is based on the concept of margin 
aimed at obtaining a better generalization capability, the above function z can be easily 
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modified to take into account the maximization of the margin in correspondence to each 
hyperplane Ht(wt, γt), obtaining:

zM (w,γ) �= 1
2

h∑
t=1

‖wt‖2+ C
m∑
i=1

max
1≤t≤h

{0, aTi wt − γt + 1}+

C
k∑

i=1
max{0, 1 − max

1≤t≤h
{bTi wt − γt}}.

(4)

The positive parameter C tunes the trade-off between two different objectives: the max-
imization of the margins, carried out by minimizing the sum of the squared norms of the 
normal vectors to the hyperplanes, and the minimization of the misclassification error of 
the points belonging to the sets A and B. Also function zM is nonsmooth and nonconvex 
and, accordingly to (1)-(3), it can be put in a DC form as follows:

zM (w,γ) = zM1(w,γ) − zM2(w,γ), (5)

with

zM1(w,γ) �= 1
2

h∑
t=1

‖wt‖2+ C
m∑
i=1

max
1≤t≤h

{0, aTi wt − γt + 1}+

C
k∑

i=1
max

1≤t≤h
{0, bTi wt − γt − 1}

(6)

and

zM2(w,γ) �= C

k∑
i=1

max
1≤t≤h

{bTi wt − γt − 1}. (7)

Some works devoted to the polyhedral separation are [5,10,14,24,32]. In particular, 
while in [10] the minimization of z has been tackled by solving successive linear programs, 
in [5] the DC decompositions (1) and (5) have been exploited by using DCA [2]. In [14]
the polyhedral separation has been extended by introducing the concept of max-min 
separability, while in [24] some polyhedral conic functions have been used to construct a 
separation surface. Finally in [32] a polyhedral classifier has been generated by solving 
a mixed binary programming problem.

Before concluding this section, we observe that the polyhedral separation is an exten-
sion of the linear separation, since, in case h = 1, function z reduces to the robust linear 
separation error function (see [15]), while function zM coincides with the error function 
characterizing the well known SVM approach.
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3. A polyhedral separation approach for Multiple Instance Learning

In this section, we present an instance-space optimization model, based on the poly-
hedral separation, aimed at tackling MIL binary problems with two classes of instances 
(positive and negative), under the standard MIL assumption.

To introduce our MIL model, since the polyhedral separation is an extension of the 
linear one, we first recall the SVM type model proposed in [3] for MIL. Such model 
provides, in the instance space, a separating hyperplane (see Fig. 2)

H(w, γ) �= {x ∈ Rn | wTx = γ},

with w ∈ Rn and γ ∈ R, by solving the following optimization problem:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

min
w,γ,y

1
2‖w‖

2+ C
m∑
j=1

∑

i∈I+
j

max{0, yi(aTi w − γ) + 1}+

C

k∑
j=1

∑

i∈I−
j

max{0,−bTi w + γ + 1}

∑

i∈I+
j

yi + 1
2 ≥ 1 j = 1, . . . ,m

yi ∈ {−1, 1} i ∈ I+
j , j = 1, . . . ,m,

(8)

where m is the number of positive bags, k is the number of negative bags, ai, for i ∈ I+
j , 

is a generic instance belonging to the jth positive bag and bi, for i ∈ I−j , is a generic 
instance belonging to the jth negative bag. With the instances ai of the positive bags, 
the labels yi ∈ {−1, 1}, grouped in vector y, are associated. The parameter C plays the 
usual role of tuning the two different SVM objectives: on one hand the maximization of 
the margin and, on the other hand, the minimization of the misclassification error of all 
the instances.

Note that, differently from the supervised case, in problem (8) the labels yi, defined 
only for the instances of the positive bags, are decision variables, together with w and γ
providing the separation hyperplane. The role of the constraints

∑

i∈I+
j

yi + 1
2 ≥ 1 j = 1, . . . ,m (9)

is to impose that at least one instance of each positive bag should be labelled as positive 
in order to satisfy the standard MIL assumption.



8 A. Astorino et al. / EURO Journal on Computational Optimization 11 (2023) 100070
Fig. 2. MIL example: two positive bags (dashed polygons) and three negative ones (continuos polygons). The 
hyperplane H separates the positive instances (the circles) from the negative ones (the squares). All the 
bags are correctly classified, since each positive bag contains at least a positive instance and each negative 
bag contains only negative instances.

Fig. 3. MIL example: two positive bags (dashed polygons) and three negative ones (continuos polygons). 
The polyhedron (in bold), constituted by H1 and H2, separates the positive instances (the circles) from 
the negative ones (the squares). The dotted lines, parallel to H1 and H2, provide the margins. All the bags 
are correctly classified, since each positive bag contains at least an instance inside the polyhedron (positive 
instance) and each negative bag contains only instances outside the polyhedron (negative instances).

In [3] the above nonlinear mixed integer program (8) has been tackled by means of 
a BCD [36] type method, while in [7] a Lagrangian relaxation based approach has been 
used.

Given the optimization model (8), our idea is to replace the SVM hyperplane with a 
maximum-margin polyhedron, obtained by means of h hyperplanes. Coherently, taking 
into account the MIL standard assumption, we state that a bag is classified as positive 
if at least one of its instances is inside the polyhedron, while it is classified as negative 
if all its instances are outside the polyhedron (see Fig. 3). Then model (8) becomes the 
following:
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⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

min
w,γ,y

zMP (w,γ, y)

∑

i∈I+
j

yi + 1
2 ≥ 1, j = 1, . . . ,m

yi ∈ {−1, 1}, i ∈ I+
j , j = 1 . . . ,m,

(10)

where

zMP (w,γ, y) �= 1
2

h∑
t=1

‖wt‖2+ C

m∑
j=1

∑

i∈I+
j

max{0, 1 + yi max
1≤t≤h

(aTi wt − γt)}+

C
k∑

j=1

∑

i∈I−
j

max{0, 1 − max
1≤t≤h

(bTi wt − γt)},

with wT �= [wT
1 , w

T
2 , . . . , w

T
h ], γT �= [γ1, γ2, . . . , γh], wt ∈ Rn and γt ∈ R, for t = 1, . . . , h. 

As in problem (8), y contains the labels yi relative to the instances ai of the positive 
bags.

Observing the above objective function, we note that, in case an instance ai of a 
positive bag is negative, its label yi is equal to -1 and, consequently, the corresponding 
term of zMP would play the same role played by the instances bi of the negative bags.

Problem (10) is a difficult optimization problem since it is a nonlinear, nonsmooth 
and nonconvex mixed integer program. We propose to solve it heuristically by a BCD 
approach, consisting in the alternation between the minimization of zMP with respect 
to w and γ, when y is fixed, and the minimization of zMP with respect to y, when w
and γ are fixed. In particular, while in the latter case it is easy to minimize zMP with 
respect to y by inspection, on the other hand, when y is fixed to a certain value ȳ, zMP

becomes analogous to zM , assuming the following form:

z̄MP (w,γ) �= 1
2

h∑
t=1

‖wt‖2+ C

m∑
j=1

∑

i∈I++
j

max
1≤t≤h

{0, aTi wt − γt + 1}+

C
m∑
j=1

∑

i∈I+−
j

max{0, 1 − max
1≤t≤h

(aTi wt − γt)}+

C
k∑

j=1

∑

i∈I−
j

max{0, 1 − max
1≤t≤h

(bTi wt − γt)},

where

I++
j

�= {i ∈ I+
j | ȳi = 1} and I+−

j

�= {i ∈ I+
j | ȳi = −1}
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are the index sets corresponding, respectively, to the positive and the negative instances 
of the jth positive bag.

Since function z̄MP (w, γ) is still nonconvex and nonsmooth, for its minimization we 
propose to use DCA (whose steps are recalled in Algorithm 1), exploiting the following 
DC decomposition:

z̄MP (w,γ) = z̄MP1(w,γ) − z̄MP2(w,γ), (11)

where

z̄MP1(w,γ) �= 1
2

h∑
t=1

‖wt‖2+ C

m∑
j=1

∑

i∈I++
j

max
1≤t≤h

{0, aTi wt − γt + 1}+

C

m∑
j=1

∑

i∈I+−
j

max
1≤t≤h

{0, aTi wt − γt − 1}+

C
k∑

j=1

∑

i∈I−
j

max
1≤t≤h

{0, bTi wt − γt − 1}

(12)

and

z̄MP2(w,γ) �= C
m∑
j=1

∑

i∈I+−
j

max
1≤t≤h

{aTi wt − γt − 1} + C
k∑

j=1

∑

i∈I−
j

max
1≤t≤h

{bTi wt − γt − 1}

(13)

are convex functions. Note that the DC decomposition (11) is analogous to (5), if we take 
into account that the set A is now substituted by the positive instances of the positive 
bags, while the role of B is played by the instances of the negative bags and by the 
negative instances of the positive ones.

The main advantage of using DCA instead of a general solver is that most of the non-
smooth nonconvex off-the-shelf solvers can easily fail in the large scale cases, especially 
if we consider that many real world machine learning problems are characterized by a 
huge amount of data. On the other hand, DCA is based on iteratively solving a finite 
number of convex programs, which are more tractable in case of large scale problems.

Referring to the decomposition (11), it is possible to show (see [2]) that the output of 
DCA is a critical point of z̄MP , i.e. a point (w̄, ̄γ) such that

∂zMP1(w̄, γ̄) ∩ ∂zMP2(w̄, γ̄) �= ∅.

Algorithm 1 describes in detail how to apply DCA to the minimization of function 
z̄MP . In particular, the core of the algorithm is constituted by steps 4-7, where the new 
iterate (ŵ, ̂γ) is determined as minimizer of function ẑMP , which is convex since it is 
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Algorithm 1: DCA (DC Algorithm).
Input: (winit, γinit), ε > 0
Output: (w̄, ̄γ)

�Initialization
1 (ŵ, ̂γ) ← (winit, γinit)
2 repeat

�Updating (w̄, ̄γ)
3 (w̄, ̄γ) ← (ŵ, ̂γ)

�Linearizing z̄MP2

4 Compute a subgradient (gw, gγ) ∈ ∂z̄MP2 (w̄, ̄γ)
5 ẑMP2 (w, γ) ← z̄MP2 (w̄, ̄γ) + gw

T (w − w̄) + gγ
T (γ − γ̄)

�Computing the new iterate (ŵ, ̂γ)
6 ẑMP (w, γ) ← z̄MP1 (w, γ) − ẑMP2 (w, γ)
7 (ŵ, ̂γ) ← arg min

w,γ
ẑMP (w, γ)

8 until |z̄MP (w̄, ̄γ) − z̄MP (ŵ, ̂γ)| < ε
�Final update of (w̄, ̄γ)

9 (w̄, ̄γ) ← (ŵ, ̂γ)

obtained as the difference between the convex function ẑMP1 and the linear function 
ẑMP2, the latter determined by linearizing z̄MP2 at the current iterate (w̄, ̄γ). The stop-
ping criterion is justified recalling that the generated sequence of the objective function 
values is nonincreasing and, in case z̄MP (w̄, ̄γ) = z̄MP (ŵ, ̂γ), the point (w̄, ̄γ) is a criti-
cal point. In addition, it is possible to show that (w̄, ̄γ) is also a local minimizer of z̄MP

in case function zMP is locally convex at (w̄, ̄γ) and z̄MP2 is differentiable (see [2] for 
further details).

Using the above notation, our overall approach is summarized in the steps provided 
by Algorithm 2, named MI-POLY (Multiple Instance Polyhedron), where by (w̄, γ̄, ȳ)
we indicate an estimate of a minimum point to problem (10).

Algorithm 2 describes how problem (10) is heuristically solved by a BCD type method, 
embedding the optimization of z̄MP (step 7) by means of DCA as in Algorithm 1. At steps 
8-13 y is updated by assigning a positive label to the instances located inside the current 
polyhedron and a negative label to the instances placed outside, which corresponds to the 
minimization of zMP with respect to y when (w, γ) is fixed. Moreover, since constraints 
(9) are not taken into account in the minimization of zMP , at steps 14-17 we impose the 
feasibility by assigning, for each unfeasible positive bag, a positive label to the instance 
located at the minimum average distance from the current hyperplanes. Note that this 
choice, however, does not guarantee that, when the algorithm stops, the standard MIL 
assumption is satisfied, i.e. that at least one instance for each positive bag is inside 
the polyhedron. On the other hand, from the numerical experiments whose details are 
reported in the next section, we have observed that the number of misclassified positive 
bags is generally low, in comparison with the negative ones whose correct classification 
requires indeed a major effort.

We conclude this section observing that the parameter itermax is necessary since the 
BCD method typically converges in case the objective function is strictly convex and 
differentiable (see [36]), which is not our case.
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Algorithm 2: MI-POLY (Multiple Instance Polyhedron).
Input: h > 0, itermax, C > 0
Output: (w̄, γ̄, ̄y)

�Initialization
1 for j ← 1, . . . , m do
2 for i ∈ I+

j do
3 ȳi ← +1

4 repeat
�Computing (w̄, ̄γ)

5 I++
j ← {i ∈ I+

j | ̄yi = 1}
6 I+−

j ← {i ∈ I+
j | ̄yi = −1}

7 (w̄, ̄γ) ← arg minw,γ z̄MP (w, γ)
�Computing ȳ

8 for j ← 1, . . . , m do
9 for i ∈ I+

j do
10 if max

1≤t≤h
{aT

i w̄t − γ̄t} ≤ 0 then

11 ȳi ← +1

12 else
13 ȳi ← −1

�Recovering feasibility
14 for j ← 1, . . . , m do
15 if

∑
i∈I+

j

ȳi+1
2 = 0 then

16 i∗ ← arg mini∈I+
j

∑h
t=1{a

T
i w̄t − γ̄t}

17 ȳi∗ ← +1

18 until ȳ does not change or the maximum number itermax of iterations is reached

Table 1
Datasets: first group [3].

Dataset Dimension 
(n)

Instances Bags 
(m + k)

Positive 
bags (m)

Negative 
bags (k)

Elephant 230 1391 200 100 100
Fox 230 1320 200 100 100
Tiger 230 1220 200 100 100
Musk-1 166 476 92 47 45
Musk-2 166 6598 102 39 63

4. Numerical experiments

Algorithm 2, named MI-POLY (Multiple Instance Polyhedron), has been implemented 
in Matlab (version R2019b) and run on a Windows 11 system, characterized by 16 GB 
of RAM and a 2.30 GHz Intel Core i7 processor. Observing that the minimization of 
the convex nonsmooth function ẑMP at step 7 of Algorithm 1 is equivalent to solving a 
quadratic convex smooth problem, for this purpose we have used the cplexqp subroutine 
provided by the IBM ILOG CPLEX package, easily integrable with Matlab.

MI-POLY has been tested on two groups of MIL datasets, listed in Table 1 and Table 2, 
respectively. The first group is constituted by five benchmark problems [3], widely used 
in the literature: the first three ones (Elephant, Fox and Tiger) correspond to image 
recognition problems, while in the last two datasets the objective is to predict whether a 
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Table 2
Datasets: second group [40].

Dataset Dimension 
(n)

Instances Bags 
(m + k)

Positive 
bags (m)

Negative 
bags (k)

N.g. 1 - alt.atheism 200 5443 100 50 50
N.g. 2 - comp.graphics 200 3094 100 50 50
N.g. 3 - comp.os.ms-windows.misc 200 5175 100 50 50
N.g. 4 - comp.sys.ibm.pc.hardware 200 4827 100 50 50
N.g. 5 - comp.sys.mac.harware 200 4473 100 50 50
N.g. 6 - comp.window.x 200 3110 100 50 50
N.g. 7 - misc.forsale 200 5306 100 50 50
N.g. 8 - rec.autos 200 3458 100 50 50
N.g. 9 - rec.motorcycles 200 4730 100 50 50
N.g. 10 - rec.sport.baseball 200 3358 100 50 50
N.g. 11 - rec.sport.hockey 200 1982 100 50 50
N.g. 12 - sci.crypt 200 4284 100 50 50
N.g. 13 - sci.electronics 200 3192 100 50 50
N.g. 14 - sci.med 200 3045 100 50 50
N.g. 15 - sci.space 200 3655 100 50 50
N.g. 16 - sci.religion.christian 200 4677 100 50 50
N.g. 17 - talk.politics.guns 200 3558 100 50 50
N.g. 18 - talk.politics.mideast 200 3376 100 50 50
N.g. 19 - talk.politics.misc 200 4788 100 50 50
N.g. 20 - talk.religion.misc 200 4606 100 50 50

compound is a musk or not. As for the datasets of the second group (Newsgroups - N.g. 
1-20, see [40]), they are text categorization problems concerning different contexts, such 
as sport, science, politics and so on.

We recall that MI-POLY is characterized by the following hyperparameters: the num-
ber h of hyperplanes, the maximum number itermax of iterations and the positive 
weighting parameter C. Regarding DCA, we have set each time ε = 10−3 and all the 
components of the starting point (winit, γinit) equal to 1. In addition, in order to im-
prove the efficiency, we have considered the possibility of eventually stopping DCA also 
after a prefixed number DCAmax of iterations.

About the optimal choice of C, we have used a standard 10-fold cross validation pro-
tocol, reporting in output the best value of the average testing correctness (accuracy), 
obtained by varying C in the grid 2i, with i ∈ {−7,−5,−3,−1}. On the other hand, to 
individuate the best values of h, itermax and DCAmax, in correspondence to h = 2 and 
h = 3 we have preliminarily performed a sensitivity analysis on the three image recog-
nition problems, by varying itermax and DCAmax in the sets {10, 7, 5} and {10, 7, 5, 3}, 
respectively, with DCAmax ≤ itermax. The corresponding results, expressed in terms of 
accuracy and average CPU time, are reported in Table 3 (for h = 2) and Table 4 (for 
h = 3), where for each dataset the best accuracy is highlighted in bold.

Analyzing the results, we observe that the CPU times mainly depend on the total 
number of DCA iterations (DCAmax), while, in terms of accuracy, the best combina-
tions of itermax and DCAmax are the couples (10, 3) and (5, 3), underlined for h = 2
and h = 3, respectively. In correspondence to these two couples, while the results are 
quite comparable on Elephant (83.00 vs 82.50) and Tiger (78.00 vs 78.50), on Fox they 
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Table 3
MI-POLY: sensitivity analysis with h = 2.

itermax DCAmax Elephant Fox Tiger
% secs % secs % secs

10 10 80.00 514.4 60.50 432.9 80.00 291.5
7 79.50 356.6 59.00 289.9 77.00 198.2
5 81.00 259.3 59.00 200.7 77.50 147.8

3 83.00 137.9 61.50 129.2 78.00 92.4
7 7 79.50 290.8 59.00 252.6 78.00 175.0

5 80.00 191.9 58.00 164.1 78.00 133.5
3 82.00 103.9 57.50 107.6 78.50 84.0

5 5 80.50 175.5 58.00 136.7 77.00 118.4
3 82.50 92.1 57.50 72.2 77.50 63.2

Table 4
MI-POLY: sensitivity analysis with h = 3.

itermax DCAmax Elephant Fox Tiger
% secs % secs % secs

10 10 80.00 726.1 58.00 655.2 78.00 375.8
7 81.50 468.9 56.50 389.8 78.50 244.8
5 80.00 389.2 58.00 265.7 77.50 149.5
3 82.00 187.6 57.00 170.5 78.50 101.2

7 7 81.00 384.6 56.50 320.3 78.50 242.5
5 80.00 291.2 57.00 227.2 77.50 159.0
3 82.00 145.7 57.50 139.1 78.50 105.1

5 5 80.00 251.4 58.00 174.1 77.00 138.0
3 82.50 115.9 57.00 98.8 78.50 82.5

are significantly different (61.50 vs 57.00), concluding that the best combination of the 
hyperparameters is h = 2, itermax = 10 and DCAmax = 3.

It is worth noting that, in passing from h = 2 to h = 3, there is no significant general 
improvement of the accuracies, but only a general increasing of the CPU time, which 
was expected since taking h = 3 increases the number of the unknowns in problem (10). 
As a consequence, based on these considerations, we did not run the code for higher 
values of h. The choice h = 2 is also confirmed in [5], where extensive experiments have 
been performed in the supervised case for h > 2, showing that high values of h do not 
necessarily correspond to an improvement of the generalization capability.

With the above hyperparameter setting, we have run the code also on the other 
datasets, providing in Table 5 and in Table 6 the corresponding results expressed in 
terms of accuracy and average CPU time. Since the polyhedral separation is an extension 
of the linear one, we compare our results with those ones reported in [7] and relative to 
the C++ implementation of the following algorithms, which heuristically solve the SVM 
type model (8):

• mi-SVM [3], which utilizes a BCD approach and whose C++ implementation is called 
mi-SVM∗ in [7];
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Table 5
Numerical results on the first group.

Dataset mi-SVM MIL-RL MI-POLY
% secs % secs % secs

Elephant 82.50 30.1 83.00 28.4 83.00 137.9
Fox 56.50 38.4 54.50 48.4 61.50 129.2
Tiger 77.50 15.9 75.00 20.5 78.00 92.4
Musk1 76.70 1.3 80.00 2.8 81.11 4.2
Musk2 77.00 855.0 73.00 1280.5 68.00 3104.3

Table 6
Numerical results on the second group.

Dataset mi-SVM MIL-RL MI-POLY
% secs % secs % secs

N.g. 1 65.00 3.8 60.00 7.4 56.00 154.3
N.g. 2 60.00 0.5 63.00 1.2 64.00 20.6
N.g. 3 60.00 0.5 64.00 2.9 52.00 153.5
N.g. 4 55.00 4.2 50.00 5.2 57.00 63.0
N.g. 5 65.00 1.4 58.00 2.7 63.00 80.5
N.g. 6 61.00 0.8 66.00 1.2 63.00 21.9
N.g. 7 60.00 2.0 58.00 2.3 58.00 69.7
N.g. 8 55.00 0.4 56.00 1.5 70.00 35.3
N.g. 9 52.00 1.2 58.00 1.8 64.00 73.8
N.g. 10 57.00 0.5 61.00 1.5 71.00 31.4
N.g. 11 79.00 0.0 74.00 1.1 80.00 6.3
N.g. 12 67.00 2.2 66.00 5.1 60.00 74.2
N.g. 13 52.00 0.2 47.00 0.9 66.00 16.5
N.g. 14 58.00 0.8 56.00 2.6 68.00 18.2
N.g. 15 64.00 0.6 58.00 1.6 69.00 24.5
N.g. 16 66.00 8.3 67.00 13.0 58.00 52.0
N.g. 17 69.00 3.4 69.00 7.8 67.00 34.4
N.g. 18 70.00 0.9 72.00 2.5 71.00 17.5
N.g. 19 68.00 4.8 63.00 15.4 62.00 77.3
N.g. 20 55.00 8.1 62.00 15.3 59.00 77.1

• MIL-RL [7], which is based on a Lagrangian relaxation technique, exploiting the 
property that the Lagrangian dual of problem (8), obtained by relaxing constraints 
(9), provides a null duality gap.

Looking at Tables 5 and 6, where for each dataset the best accuracy result is high-
lighted in bold, we observe that the polyhedral approach generally overcomes the simpler 
linear separation in terms of accuracy. In particular, on the first group of datasets, MI-
POLY is clearly the best performant on Fox, providing comparable results on Elephant, 
Tiger and Musk1. About the second group, the polyhedral approach is the best one on 
nine test problems out of twenty: in particular it is clearly better than mi-SVM and 
MIL-RL on N.g. 8, N.g. 9, N.g. 10, N.g. 13, N.g. 14, N.g. 15 and it is comparable on N.g. 
2, N.g. 4, N.g. 7, N.g. 11, N.g. 18.

In terms of CPU time, it is evident that mi-SVM and MIL-RL are much faster than 
MI-POLY. This was expected mainly for two reasons: MI-POLY is a very sophisticated 
algorithm and, differently from the C++ mi-SVM and MIL-RL codes, it is implemented 
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Fig. 4. Elephant dataset: accuracy in function of the ratio m/k. The dotted lines are the corresponding trend 
lines.

Fig. 5. Fox dataset: accuracy in function of the ratio m/k. The dotted lines are the corresponding trend 
lines.

in Matlab, which is a high-level programming language requiring higher elaboration 
times.
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Fig. 6. Tiger dataset: accuracy in function of the ratio m/k. The dotted lines are the corresponding trend 
lines.

We conclude this section, by analyzing the behaviour of our approach in case the 
datasets are not balanced, in comparison with mi-SVM and MIL-RL. For this purpose, 
we have run the three codes on six variants of the three image recognition problems 
(Elephant, Fox, Tiger), which have been obtained by varying the ratio m/k. The corre-
sponding accuracy results are plotted in Figs. 4, 5 and 6, respectively.

Observing the trend lines of the plots, we note that Algorithm MI-POLY improves its 
performance when the number m of positive bags increases with respect to the number k
of negative bags. This behaviour, which is evident especially on Fox, is coherent with the 
MIL paradigm, where the positive bags play a special role on the basis of the standard 
MIL assumption. A similar trend is exhibited on Tiger by mi-SVM and MIL-RL.

5. Conclusions

In this work we have proposed to extend the polyhedral separation, successfully ap-
plied in supervised and semisupervised learning, to Multiple Instance Learning problems, 
characterized by two types of bags and two types of instances. The resulting optimization 
problem is a mixed integer nonconvex nondifferentiable program, that we heuristically 
solve by a Block Coordinate Descent method, embedding the DC (Difference of Convex) 
Algorithm.

The numerical results, obtained by running our code on some datasets drawn from 
the literature, show the superiority of the polyhedral approach, in terms of accuracy, 
with respect to the simple linear separation.
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Future research could be to generalize our proposal to the max-min separability, whose 
polyhedral approach is a particular case.
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